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Amayopevetal 1 avtiypogr], amodrkevor kot diavoun tng mopovoog epyaciog, €€ oAokAnpov 1
TUAHOTOG QUTAG, Yo epmoplkd okomd. Emtpénetan 1) avatdnwon, amobrkevon kat Stovopr] yio
OKOTO U1 KeEPOOOKOTLKO, EKTTALOEVTIKNG 1] EPELVNTIKNG PVGTG, Lo TNV TPpodOeon v avoupépeTa
1 mtnyn mpoélevong kat va dwatnpeital To mapdv prjvopa. Epotripate mov agopodv tn xprion g
epyooiag ylia kepdookomikd oKomd mpémel v atevBOVOVTOL TTPOG TOV GLYYPAPEQL.

Ot amdelg Ko Tor GUUTTEPAGHATA TTOL TEPLEXOVTOL GE QLUTO TO £YYPOPO eKPPELOLY TOV GLYYPOAPEQ

Ko dev mpémel va epunvevbel 0TI avtimpoowtebovy Tig enionpeg Béoelg Tov EOvikod Metodfiov
IoAvteyveiov.



HepiAnyn

e avt) ) Simlwpatikn, O acyoAnBodpe pe To oXESIXGPO PNYAVIOHOV GTO ETAVENHEVO pe TPO-
PAéVeLg pnyovikng padnong tpoPAnua Zvvdvaotik®dv Anpompactody. 210 KAaotko TpofAnua Xov-
SvaoTikdV Anpompacidv karobpaote va potpdcovpe M avtikeipeva e N oTpATNYIKOVG TOUKTEG
pe TPOTO TETOLO DOTE VA HEYLOTOMOLELTOL 1] KOLVWVLIKT) evnpepiot Tov cuvorov. Kabe maiktng €xet
0TOYO VO HEYLOTOTTOOEL TNV wPEAELR TOV, dNAadT) TV aio Tov AapPavel amd To avTikeipeva o
TOL otodidoVTOL PELOV TNV TN TTOL TATPWCE Yo TO AVTLKELpEVE. Mg eviloupépel vor oXedLAGOUVLE
QLA oAnBeic pnyoviopotg ot omoiol ”avaykdlovy” TOUG oK TEG VO GUHHETAGYOVLY 0TV SNHOTTpacio
e eLALKpLV TPOTTO. TNV TOPOVGO SITAWHOTIKY ETMLTPETOVHE ETLITAEOV TATPOPOpia 6TO TPOPATHAL
LTTO TNV popYPt) TPoPAéPewV oL EPTTEPLEXOLY AYVWOTO GPaApo. Meletdye eig f&bog To TpoPANpa
TV ZUvSLaoTIKGOV Anpompacidv pe TpofAéPelg StavuopdTov Tip®V yo Tig kAdoelg Additive ko
Submodular. e avtég Sokipdlovpe dipopetikég mapadoyég kot vTobécelg kal TeETUYALVOUpE TOGO
OeTikcd 660 KoL apvnTikd aotedécpata. To cOvVoro TV anote ecpdtwy pog evlappivel mepart-
TEPW EPELVA BTNV GLYKEKPLUEVT eKdOXT) TOL TPOPATHATOGC.

AéEerg kAerdri

Yvvdvaotikég Anponpoacieg, Exediaopnog Mnyaviopov pe IpofAréyeirg, Kowvwviky Evnuepia, Awx-
vOopoTo TGV, Zuvérela, EvpwoTtio.






Abstract

In this thesis, we study mechanism design for Learning Augmented Combinatorial Auctions. In the
classical Combinatorial Auctions problem, the aim is to allocate a set of items M to a set of strategic
bidders IV in a way that maximises the Social Welfare of the resulting allocation. Every bidder is
interested in maximising his own personal gain from the allocation, which can be described as the
value that she derives from the items she gets allocated minus the payment she makes for these
items. We are interested in designing truthful mechanisms that force the bidders to participate in
the auction in an honest way. In this thesis we allow extra information in the form a prediction of a
price vector with unknown error. We thus study the Learning Augmented Combinatorial Auctions
problem, restricting it on Additive and Submodular valuations. We employ a vast variety of assump-
tions and ideas and achieve both positive and negative results. Our results are not conclusive and
thus encourage further research on this specific iteration of the problem.

Key words

Combinatorial Auctions, Mechanism Design with Predictions, Social Welfare, Price vectors, Consis-
tency, Robustness.






Evyapiotieg

H mepdtwon tng mapovoag SutAwpatikng epyaciog onpatodotel tnv ANEn g 6etodg goitnong
pov otnv ExoAn Hiextporoywv Mnyoavikov kot Mnyoavikeov Hiektpovikodv Yroloyiotov tov EQvi-
ko0 Metoofiov IToAvteyveiov. To cuykekpipévo Ta&idL amotélece yia epéva TV TAEOV SLHOPP®-
Tikn epmetpion TG wng pov. AleBAavopaL e GLYoLPLE TG HECH oTTO TNV ZYOAT) HOL €Y EVTOTLOEL
TIG TPAYHATIKEG OV KAloelg kKaBdG kot €xw mpocdiopioel pe SIAVYELX TOUG GTOXOVG MOV YL TO

péAAOV.

Y& aUTEG TIG eVYPLOTieg BEAW TPOTIOTWG vV HEPIUVIIO® TOV Evay ek Twv dVo emiPAemdvTwv
pov, tov kbplo Anurtpn PwtdKn. AT Ta pLkpOTEPQ €T KoL TNV OTAT TapakolovOnon twv pobn-
HATOV TOV, KATA@epE pe TNV Sk TLKT] TOL VooTpoTio Ko To TaBog Yo TO oVTIKEIHEVO Vo HoL Ste-
yelpel To mnyaio evdiapépov kot Barvpocpd yix v BewpnTikr) TAnpopopikr, oToLxeio Tov AoV
Bewpd vaIOCGTOGTO KOPPATL TNG TPOsOILKOTNTOG Hov. Eniong ogeilw Pabitateg evyapiotieg
otov étepo emiPAémovta g epyaciag pov Baoiin I'katléAn tov omoiov 1 cuvelo@opd o€ aLTH
Vv epevvnTiky mpoondbeix Ntav kabopiotikng onpaciac. Kot or dbo emiPAémovreg amotéecav
Yo epéve eEQLPETLKODG PEVTOPEG KOrl DITOSELYHATIKA TTPOTUITO EPELVITAOV KL TOVG EVXAPLOTE ELAL-
KPLVA Ylow TNV eRTLETOCUV KaL TNV LIoaThPLEn touvg. OPeidw voo OHOAOYHOW TTWG 1 cLVEPYATin
poli Tovg cuvtédeoe oe PeydAo Babpd GtV eTAOYT OV VO KLV Yo TNV épevva aTnV BewpnTiky
TANPOPOPLKY GTNV GLVEXELX TNG (NG HOV.

Kheivovtog BéAw vo euyaplotow TOUg TPOTWLIKOVG pHov avBpdmovg, Tov martépa pov N&co
KoL TNV unTépa pov Avva, tovg adep@otg pov Niko ko AAEEN, TNV mavta oyostnpév pov Ao
KkoBog kot 6Aovg Tovg Pidoug pov, yia TV aocteipevtn oTthplEn tovg kKaBOAN TNV didpkela VTOD
pov tov takLdiov.

Oe6dwpog Torlprg,
Abnva, 9n ZemtepPpiov 2022
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KepdaAaro 1

Extetapévn EAAnvikn IepiAnym

1.1 Ewaywyn

IIpwtog 6T6)X0G TNG TOPoLong SITAWHATIKAG epyaciog eivor vo pedetnBel o mpdPAnpa twv
JovdvaoTik®v Anpompoctedv vd to mpicpa alomoinong mpoPAéYewv pnyavikig padnong. Xto
mAaiolo avthg NG mpoomdbelng, B TAPOLGLAGOULHE GOVTOUN OPLOHEVOL CTHELX EVOLOPEPOVTOG
QVOPOPLKA JLE TIG EPELVTIKEG EPYNTiEG TTOVL 0ELoTTOLOVY TTPpofAéPelg ota povTéAa Toug, Ba xTicoupe
TOUG TTUAGOVEG TOL Topéa AdyopiBpikng Oswpliag Ilaryviwv oL omoiot eivat avaykaiot yio 7o kKAaotko
TPOPANHA TV ZuVOLACTIKGOY ANHOTpact®dV, Bo SOOCOUHE EUPAOT) OTLC TEAEVTOUEG EPEVVITIKES TTPO-
ondbeleg oe avTod 1O TPOPANHA KL TENOG B mapabécouvpe TNV Sikn pog cuvelcPopd otV peAéTn)
NG emavENPEVNG He pnyavikt pédnomn exdoyrg tov mpoPAfpatoc.

IpoPArpoto ANHOTPAGLOV TTPOKVITTOLY pe PULOLKO TPOTO G& TOAAES KoL SLAUPOPETIKES TTTUXEG
oL kOGpov pag. Eppavifovton otov poipacpo moyviddv e moudid, 6Tnv TOANGCT) VINPECLOV GE
KOTAVOAWTES, GTNV KATOOKELT KOLVOPEADV dnpocinv épywv kot adlov. H owkovopiky emotiun
ekkivnoe Tnv peAétn twv SNHOTPacLOV, OPU®G 1) TTPO0d0g TOL SLadLKTOOL Ko TG TeXvoloying avé-
det€av Tig evdiapépovoeg TTLYXEG TETOLOL €ld0VG TPOPANUATWY KOl 6TOV KOOHO TNG Bewpntikig
Anpopopknc. Ot Snpompacieg mov TPOKVITOVY GTOV TEXVOAOYLKO KOGHO, YivovTal OAO Kal Lo
TOAOTTAOKEG, YEYOVOG TTOU eVIoYVEL TO evilapépov yia épevva kol podnpatikr Bepedinon ovyke-
KPLLEVWV ekdox®Vv Tov mpofAnpartog. Evdewktikd, mtpofAfpoata Snpompaciody e TexvoAoyLky LTo-
otaon eival ot dnponpacieg eaopatog (oL omoieg ayyifovv éc0da TG TAENG TV SoeKaTOpL-
pLwv), oL dnpompacieg otig TAateoppeg Facebook, Ebay ko Amazon, cuykowvoviakd tpoPArpota
ko TpoPAnpata Siktowv. Ta mpofAfipata Anpompaciodv éxovv pedetnBei vod To Tplopa oLkilwy
TOPAdOYDV KoL 6TOXEVOEWV. TNV TAPOVGH SUTAWHATIKY EPYOTIO HAG EVOLOPEPEL VO HEAETTGOVLE
T0 KAoo1KO TTPOPANpHa ZuvdvaoTik®v ANpompacidv o omoio éxel emav€nbel pe TpoPAéelg pnyo-
VIKT|G pébnong.

H é€oporn touv Topéa TG TeEXVNTNG VONHOGUVIG KoL TG PNXOVIKNG péBnomng éxel Eexivrioet 110m
vo aAALeL Tov kOGO aTov omoio {olpe. O ovykekpipévog kA&dog tng ITAnpopopikrg kot twv Ma-
Onpatikdv e€ediooetal poydaic, TOPAYEL EVIUTOOLOKES TEXVOAOYIES KOl EQOPUOTETOL J1E TOUG TTLO
eLPAVTAGTOVG TPOTOLS. Movadikd “oykdbL” awThg Tng mopeiog eival 1) HepLkég Popég eEAMTNG pa-
Onpotikn Beperiowon. Eivon eEoupeticd obvnBeg otov topéa tng Mnyoviknig pabnong n Bewpia vo
LITOAELTTETAL TNG EPAPHOYTC, LE ATTOTEAECHA VO KATATKELALOVTOL HOVTEAA SLEEKATOPHLPIWY TTopoX-
HETPWV Ta oTola £X0ouV eEQLPETIKA ATTOTEAEGHATA QALY AlyT) £0G eAdyLoTn paBnpatikr) Oepeliowon
G P0G To "yt SovAebovy T6G0 KaAG”. AvTh 1) vootporia mov £xel vioBetnBel ao TV oxETIKN
KOLVOTNTA épYETaL 0 KOVTpa pe TNV BewpnrTikr] TAnpogopikr, 1 omoia T TeAevtaio 50 xpovix
KOTOPEPVEL VoL tatvTd ota SuokoldTepa TpoPArjpata Tng pe tnv o dvcoiwvn awvdivor. H Bew-
PNTLKY TANPOPOPLKT] KAT& KUPLO AOYO Storkatéxeton otd TNV avaAvot) XepoTepng mepintwong, 1
ool voypoppilel TNV cuvONKoAOGYNOT GTNV AVAALGT) TV AAYOPLIBHWV TOL XPNCLHOTOLOVHE HE
povtélo oUykpLong T SUCKOAOTEPT TEPITTWOT) TOL WIOPEL VO AVTIUETWITIOEL O EKXGTOTE AAYOPLO-
pog.

[Ipoopdtwg, elonxBel otnv Bewpnrikn TANpoPopLkT| TO povTéAO emadEnong pe pdbnon, To omoio
TOVTPEPE EMTUXOG TNV aloLodOELX TV HOVTEAWV PIXOVIKNG paBn oG pe Tnv amoiclodoio tng Oe-
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wpNTKAG TANpoPopLkTiG. O TPOTOG OV eMLTUYXAVETOL QVTO, ELVOL PE TNV AVAALGT) TwV AYOpiOpwVY
7OV X pNoLpomolovy tpofAéPelg ko tnv afloAdynaon tov ADGEMY TOUG GUVUPTIOEL TOV GPAAUNTOG
TV TPOPAEPEwV. ZTOYOG HAG eLVOL VO KATOUPEPOUVLLE VAL EPAPHLOGOVLE OXVTO TO HOVTEAO GTO KAAOLKO
TPOPANHA TV ZVVSLAGTIKOV ANHOTPAGLOV.

1.1.1 Opyavwon Extetopévng EAAnvukng Iepidnyng

H eAnvikr] mepidnym B ywplotel oe 3 vtoke@dAoia oe TANPN GCUHPOVIK KOL PE TO oYYALKO
Kelpevo.

To pdro viroke@dhato [l Bax SielodvoeL oTOV Topéx oYESIATPOD aAyopibuwy pe TpofAéyelc.
Enti tng ovolag avtd to kepdhato Oa eivar pio covtopn PipAloypagiky) avapopd 6TIG TPOCPATES
dovAelég otov ywpo. Oa dobel xupiwg éppacn oto TL eidovg mpoPAéyelg alomolotvtal e k&be
TpOPANpa, Twg opiletar to AdBog Twv mpoPAéPewv KoB®OG KL TNV GUUTEPLPOPA TOL EKAGTOTE
alyopiBpov pe TpoPAEPelg AVaQOPLKE e TNV GLVETELX TOV KOL TNV EVPWCTIAL TOV.

310 devtepo vitokepdAouo 1.3 B TapovsiacTobv oL Beperdderg évvoleg tng AhyoplOpikrg Oe-
wplog Taryviov, oL omoleg elvar amapaitnteg yio tnv katavonon tov mpoPAnpatog ZovdvacTi-
KOV ANpompoctodv. Oa mTopoucLACOLE TIG SLPOPETIKEG KAATELS CUVOAPTHOEWY AELOAOGYNONG, OL
omoieg mailovv oNpavTiKd poAo otV duoKoAia ToL TPOPANHATOC, B GYOALAGOUHE TEXVIKEG OTTMG
n dertypatoAndio 1§ n TuyowdTnTO KoL TEAOG B0 KAELOOUHE PE TNV AVAPOPE TV TTLO TPOCPAT®V
QUITOTEAEGUATMV GTO XMPO.

%10 Tpito kat TeAevTaio vitokepdAaio [1.4 B apadécovpe TV Siki) pac cuvelGPopd GTO TPOH-
BAnpa. Oo peretricovpe tnv dOvapn cAAd Ko TOUg TEPLOPLEHOVG TV TPOPAEYE®Y VIO TNV HOPYPT)
SLVUOPATOV TIOV. Oa ETTLYELPTCOVHE VAL 0ELOTTOLCOVHE SLOPOPETLKA €101 SLAVUGPATWV TIHOV KoL
B opaTPicOLE TNV EMTLPPOT) TV CPAAPATOV o€ aLTEG TIG TpoPAéPelg. Apol mapadécoupe O
pog ta amoteAéopata, Oo kAeloovpe avapépovtag véeg katevOOVOELS Yo TNV £PELVA GTOV XDPO.

1.2 AAyopOpor EnravEnpévor pe Mabnon

Ot tedevtaieg 3 dekaetieg €xovv oTIypaTioTEL Otd TNV porydaia avamTugn g Texvoloyiag, 1
omola Aéov eivar Swabéoyn oe 6AoLG oxedOV TOUG AVOPOTOVG. ZVLVETELX XLTOD €lval 1) TPOHA-
KTLKH Topoywyt] kot cuAAoyT dedopévwv, Ta Aeyopeva big data. Exovtag otnv dikbeon Tovg avtd
KOOGS KAl LITOAOYLOTIKA LoYXVPEG PNYOVEG, OL EPELVNTEG TTANPOPOPLKNG (Kot 0L povo) Bprkay Tpo-
oPOopo £SaPOC VAL EPAPPOCOLY TEXVIKEG HIYXOVIKAG HAON oG Ko TEXVNTNG VONHOGUVIG (OOTE VO
aflomoujcovy pe SNPLovPYLKODG KoL CHAVTIKODG TPOTTOUG TOVG TEPAGTIOVG OYKOLG TTANPOPOPLaG.
To amoteAéopata TG TNG evEPYELOG elval TOGO Beapatikd ov evioybovy akOpa TEPLEGOTEPO
TO EVOLLPEPOV TNG EPELVITIKNG KOLVOTNTAC.

Onwg avopépapie KoL TNV eloaywy, 1) pnxavikn pddnon éxel va emideifel amiotevta omotelé-
OHOTO KO EQOPHOYEG, OANG éxeL emtiong kot éva “orykdOL” Ta amoteAéopaTa TG LPLoTAVTOL KUPLWG
o€ pakTikod eninedo (6To0 cOVOAO SokLpNC) eved oL BewpnTikég eyyunoelg twv pebodwv eival, otnv
KoAUTepn TepinmTwor, eAlmeig. Ad v GAAN TAevpd, o Topéng NG BewpnTiKig TANPOPOPLKNG
éxel OepelwBel mavw otnv avaivon yelpdtepng mepintwong. H vioBétnon avtrg tng vootpomiog
éxeL emTpéPiel Tov oxedLaood aAyopibwy oL 0mtoloL eKTEAOVVTOL GYETIKE YPTYOPO XKOHX KAl OTOLY
Bplokovton avtipétomot pe Tnv o dOokoAn ekdoxr) evog TpofAnpatog.

H evdeyopévwg viepPorikn avotnpdTnTa TnG AvAALCTG XELPOTEPNG TEPINTWONG arvadelkvie-
TOL EPTTPAKTOG 0€ TOAAK droupopeTikd mpoPAfpata kot oe ToAlog alyopiBpovg. I Tapaderypar,
ota mpoPfAfpata To€vopnong ol S0 KAXCLKOL aAYyOPLOHOL TTOL HEAETMOVTOL OE ELCOYWYLIKA pot-
Ofpota eivan 1) takvopunon pe ocvyyxovevon (merge-sort) ko 1) ypryopn ta€vopnon (quick-sort).
Amd avtoig Toug dvo alyopiBupovg pkpdtepr moAvmAokoTnTa £xeL 0 aAydplBpog Takvounong pe
OUYXWVELTT], OAAL OTLG TTEPLOCOTEPES EPAPHOYEG X PTIOLHOTTOLELTOL O OXAYyOpLBpOg Ypriyopng TaEL-
vounor Slott, 1 Kokr) TOAVTAOKOTTA OV HETOVOLOVETHL GTO TTPOPANHATA TOV AVTIHETWITLLOVLE
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OTOV TPAYHATIKO KOGHO. AAAO Vo TapadeLypa TETOLOG GURTTEPLPOPAS eivat 0 adyOpLOpog simplex
7OV eMAVEL Ypappikd poypappata. O alydpiBpog simplex eivan amodederypévo ekBetikng moAv-
niokotntog [B1]. Mapora avtd, o alydplOpog avtdg XprOLHOTOLEITOL EMLTUXWOG OO TNV dekoe-
Tioe Tov 1950 (TTOAD TPV TNV YEVVNOT TV GUHPATIKOV DITOAOYLGTMOV) YL TNV ETIAVCT) YPOUHIKOV
npoyphppatov. ExteAdvtog tov adyopiBpo oe mparypatikd mapadelyLoTo Y POpILKOV TTPOYPOUpd-
TV, £xeL Topatnpnbel Twg o xpovog extéAeong Tov avEavetal pe o pubpod (oe cOYKpLoN pe TOV
exBetik0), xabmg mAnBaivouv oL TapdpeTpoL Tov ypapupikos mtpoypappatog. H ev Adyw o€0pwpn
CUUTTEPLPOPL TAAAVLOE TNV EPEVVNTIKT KOLVOTNTA Ylor deKAETIEG, PEXPL TTOV OTLG apXE€G TOL 210V
oueva ewonxdn o topéag g “oporomompévns” avdlvong (smoothed analysis) [46]. Xtnv cvyxke-
Kpévn epyacio amodeiyOnke nwg ota Sbokoda mapadeiypata ota omoio 0 adyoplOpog exteAeiton
oe ekBeTikd XpoOvo, N TpocsOnkn amelpoeAdyloTov BopvPov GTIG TAPAPETPOLG TOV TaAPAdelYHATOG
HELOVEL TOV XPOVO EKTEAECTIG GE TOAVWVLHLKO, XWPIg 1) ADGT) TOL VEOL YPOpILKOD TPOYPAPHATOS VO
dlopépel oVOLAOTIKG atd TNV ADCT) TOU apYLKOD YPAUHLKOD TTpoypappatoc. O Topéng Tng opaio-
TONUEVTG AVEAALGOTG VIKEL G EVay EVPUTEPO KAGSO TTOU €XEL EKKLVNOEL TO TEAELTIX XpOVIOL GTNV
Oewpntikn IIAnpogopikn, o omoiog ovopaleton “TIEpa amd Tnv Avédvon Xepotepng Iepintwong”
(Beyond Worst Case Analysis).

Eva Ao mapokAédt Tov topéa "TIépa amd tnv Avédvon Xepdtepng [epintwong” eivar ko 1
povtehlomoinomn alyopibuwv pe tpofAéfers. H ovykekpipévn povrelomoinon mpoékuye atnv dov-
Aetd Twv Oodwprig Avkovprg kar Sergei Vassilvitskii [35]. 2tnv cvykekpipévr SovAeld peletéte To
npOPANpa celdomoinong (paging) vmd tnv emavEnpévn ekdoxr, OTOL MEPAV OAOV TV AAAWV, O
TPOTELVOHEVOG adyOpLBpog éxel TpdoPaot oe éva cvoTnpa TpofAiéfewv. To chotnpa awtd Bew-
peltal pobpo kouti Ko Sev pag evilapépel o€ Kapio TePITTWOT WG TPOEKLYE 1) eKTTaidevoT) TOV.
H mAnpogopia mov pog mopéxel avtd To HOPO KOLTL eivat ammhidg pio TpdPAeym, n omoio paAtota
dev éxeL xapio eyydnomn yix To Tdo0 KOvTd oty mpaypatikotnta eivor. H mpokdmtovca epatnon
elvor eav eivor duvatd va oxedidioovpe évav alyoplBpo o omoiog pe kdwolo Tpdmo aELoToLel TLG
npoPAéelg, kat, eav oL TpoPAéYelg eivon TéAeteg, metuyaivel eEoupeTicég emdOTELS, 1) ELOAAAWG,
eav oL TpoPAéyelg eivar e€alpeTikd kakég, dtatnpel TIg eyyurioelg Tov kahbTeEpoL alyoplBpov xw-
pig mpoPAreyels. [opaddEwg, N amdvtnon oe auTr) TNV PAOTNOT elvarl TS KATL TETOLO elval EPLKTO
Ko pEAoTa oe pioe TANOOpaL SLoupopeTikdV TPOPANHATOV.

Yty mepintwon [35], oL cUYYpa@elg eTLTUYXGVOLY QLTI TNV GUUITEPLPOPX X PT|CLUOTOLOVTNG
TOV KOAUTEPO LITAPYXOVTH AAYOPLOpO YL TO TPOPATHA KAl EMLTPETOVTOG OTLS TPOPAEPELS TOV pOD-
pOU KOUTLOD v el pedlovy TV ekTéAeoT) TOL adyopibpov povo oe onpeio Tov 0 apyLKodg aAyopLo-
pog Bo Emapve KATTOLX ApLYDS TUY e atO@aot) (ToL o€ TTePITTWOT) TAPNG ATTOVGLNG YVOOTG YL
kartola amdpoact akolovOnoe v mhoveg AavBaopévn vtddel€n Tov padpouv koutiov). Evdiopé-
pov otV avaAvor g moldtnTag NG Adeng Tov aiyopibpov mapovcidlovv 3 onueia. To mpodTo
elvor TG ovpepLpépeTon 0 alyoplpog pe tpoPAéYelg dtav oL mpofAéPelg Tov pabpov kouTLoL ei-
vou akpLPeig, To devTepo eival TG cupTEpLPEpeTal oTav oL TpoPAéPelg elval oL yelpdtepeg SuvaTég
KOl TO TPLTO e TTOLOV TPOTTO ATTOTLTTWOVETAL 1) TOLOTNTA TNG ADGTIG TOL AAYopiBHoL wg cuvapTnon
Tov AdBouvg Twv TpoPAéPewy.

Ocopnua 1.2.1 (ovvénewar). Evag adydpifuog pe évav padpo kovti npofAépewv h (+), tov omoiov To
opdApa petpdte wg M, eivan b-cvventjc yia kdmoia cuvdptnon Tov opdAuarog a () edv éyet Adyo mpooéy-
yiong oty fértiorn Adon O (b), émov b = a (0).

Ocopnua 1.2.2 (evpwotia). Evag adydpifuog pe évav papo kovti mpofAégewv h (-), tov omoiov to
OPAAUQ PETPATE WG ), EIVAL A-CUVETTG Yiar KATTOl oLVApPTON TOL oPdAuatos a () edv el Adyo mpooéy-

yiong ornv férniorn Avon O (max a (17)) .
n

YovvnBileton otnv avaivot alyopibuwv pe tpoPAiéPelg va vtoloyiletar o Adyog TpooéyyLlong
WG T0 eAdLoTO avapesa ae 00 Gpoug, 0 Evag eEaPTHOHEVOG ad TO 1) KA 0 GAAOG O)L. Ze avTH TNV
ePINTWOT 1) oLVETELX TOL adyopiBpov vroroyileton Palovtag To eAdyloto oPdApa 1 (Yiow TOVG
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TEPLOGOTEPOVLS OPLOUOVG GPAAPATOC LT elval 0 1) 1) 6TV ToPAGTAOT) EVO 1) EVPWOTIC LTTOAOY(-
Ceton av Padelg o péyloto duvatd oPaipo (edv T0 GEAAHR 1) Elval PN @PoYyHEVO TOTE dlveTol »G
GUVAPTNGT) TOL 7N).

1.2.1 Awgopetika Eidn [IpoPfAépewv

Y& avT6 TO LITokePaA Lo Oa pedetricovpe PLPAoypapLicd To StapopeTikd TpoPAnpoTa T oMol
éxouv emTLY©G emtovEnOei pe mpoPAéPers. Hapatnpeiote mwg ta mepiocdTepa TpoPARpaTa eivol
online, dnAadr) 1 elcodog Tov adyopiBpov dev eival yvwo T amd Tnv apxr) KoL ATOKOXAVTTETAL GTA-
SLokd KoTo TNV EKTEAEST) TOV. Xe QUTEG TIG TTEPLILTOCELG 1) emiTpen mpoPAéPewv amotelel Aoyikr)
eMEKTAOT) TOL TTPOPARpATOC, Kabdg oL TpoPfAéYelg emtyelpovv va pewdoovv v afefardtnta wov
TPoKLITEL AOYw NG online @vo1g TOL TPOPANpHATOC.

115 SovAetég mov Ba TapovoLicovpe TapokdTe o SOCOLE EPPAOT) GTO TL X PTICLLOTTOLEITOL WG
TpOPAer), OO HETPLKT] XPIICLHOTTOLELTOL Yia TO GPAApA TNG TTPOPAePNC, ToLEG elvat OL EYYUNOELS
TOU eKAGTOTE AYOpiBpoUL pe TPOPAEPELS OO0V OPOPA TNV GUVETELX TOV KOl TNV EVPWOTIO TOV KoL
TéAOG av amodidetal kAelGTOD TOTOL GUVAPTNGT] TNG HETAPOANG TOL AOYOL TTPOGEYYLONG KABMG
avEdvetal To opaipa TG TpoPAreymng. Oa opadomotjcovpe TIG dipopeTikég dovAelég e TpOTO
ouvagn oty TAnpoopio Tov TapéxeL 1 TpodPAePn oto ekdotote TPOPANpHA

IIpoPAeyn otnv Bédtiotn ITAnpogopia

Ye moAA& online (ko pun) PoPApHATR LITAPXOLY CAPHG ATAVTICELS GTO TOLXL AYVWOTY) TAN-
pogopia eivor avaykoio oov OéAovpe vor oxedidoovpe Tov kKaddTEPO duvatd adyoplBpo yio to Tpod-
PAnpo. Puoikr) amdppol TETOLWV ATOTEAECPATOV elval 1) oxedioon alyopiBpwy pe TpoPAéyelg
omov 1 TpoPAeym eivon avth axpfng n PéAtiotn TAnpogpopia (puokd pe cPaipa). O mapabdé-
GOUHE TOPO OPLOHEVEG TETOLEG EQPUPUOYEG.

To mpoPAnpa oeldomoinong peretnBnke vd To Tpiopa TPoPAéYewv otd Tovg Avkovpng Kat
Vassilvitskii otnv epyosio [35]. H ntpoPfAeyn o1o povtéAo Toug T pia eKTipnoT Tov Xpdvou emno-
HEVNG eppAviong Kaolag ovykekpévng oelidac. T to cuykekpipévo TpdPAnpa eivor yvootd
WG 1) APALPEST) AT TNV KPLPY PVApN TG oeAidag 1 omoix Ba emaveppaviotel To apyodtepo (oe
oVYKpLOT] HE TIG LITOAOUTEG TTOV eival N0 otV kput| pvhun) eivon 1 PédTiotn taktiky (kovovag
tov Belady). Ot cuyypageic opioav to Adbog tng mpoPAreyng xpnoiponoidvtag v L1 voppa wg
n = > (y; — h(x;)), 6mov y; elvar o Tpaypatikdg Xpovog TPHOTNG ETAVERPAEVIOTG Yia TNV GeNida

(2

i evdd h(x;) eivon n wpodPAedn. Tt amotedéopata Tovg TEPLAAPPEveTaL KAELGTOD TOTOL GLVAP-
TNoT 7oL TEPLYPAPEL TNV peTaoAr] Tov AdYyoUL avTaywviopot (competitive ratio) cuvaptrioel Tov
o@OAMLOTOG TV TTPoPAéPewv 7. O cvyypagpéog Tov [33] metuyaivel kadbTepa amoTeAéGpaTa Xpn)-
OLHOTTOLOVTOG TTOPOHOLES OAYOPLOHLKEG TEXVIKES Kol artodideL Kol Eva KATW @PAYHA Yot GAOVLS TOVG
alyopiBpoug ov xpnotpomototy tétotov eidovg mpoPAéPels. Tédog oto [49] epappolovtor dixgpo-
PETLKEG TEYVLKES TTOL OELOTTOLOUV LITAPYOVTEG ahyopiBpovg mov dev elvat eOpwOTOL, KATAAYOVTOG
0€ KOAUTEPO AOYO AVTAYWVIOHOV YO XOUUNAEG TIHES COARALATOC.

H exdoxn tov mpoPAfipartog ceddonoinong pe Pépn peretdre oty [29] 6mov aumodetkvidetan
OTL oL alyOpiBpoL pe TpoPAéelg ov éxouvv epappootel 6To kAo KO TPOPANpa ceAdomoinong dev
MItopovV va epoppocTolV 6to TPOPANpa pe Papn. Ou cuyypapeig avtig tng dovAeldg oxedidlovv
évav 2-cuvenn) alyoplBpo yia to poPAnpa tng ceAdomowiong pe Papn o omoiog Opwg dev éxel
EYYUTNOELG EVPWOTING.

"Eva dAAo mtpofAnpa mov éxel peletnBei pe mapdpolov thmov pofAéyelg eivon to online mtpod-
BAnpa xpovodpopordynong. Ztnv exdoxr Tov TPOPAHATOG e M PNYOVES OL GLYYPaPELS Tov [B8]
XPNoLomoloty wg poPAeymn éva Papog yia k&Be unyavr. Ta Papn avtd edv eivoun PéATioTo 0d)-
yoUv o€ pia kAaopatikn avabeon Towv epyaciov 1 omoia eivon oxedov Pedtiotn ([2]). Ztov aryod-
pBpo mov mpoteivouv ta TpoPAemopeva Papr AvVOvEDVOVTOL SLOPKOG HEXPL TTOV €V TEAEL KALTOAN-
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YOUV V& glval 2-TPOCEYYLOTIKA 0T TTpaypatikd PédTiota Papn. To cpdipa otnv avdlvor tovg
opiletan wg 1 voppa Lo, Tov Adyov mpoPreyng Bapovg mpog to PérTioTo Papog. To amotérepia
IOV ATOJELKVOOUV OL GUYYPUYPELS TEPLAOUPAVEL KOL ML GUVAPTIGT) TTOL TEPLYPAPEL TNV HeTABOAN
TOL AOYOU OVTOYWVIGHOD KOOGS peyarhwvel To opdipa mpoPieyng.

St epyooio [42] pedetdron n pn-dropoartr) ekdoxr Tov TPoPARHATOG XPOVOSPOpHOAGYNONG YLo
pio pnyovr) ko tpoteivete Eva alyoplOpog ov X proLomotel wg TpoPAEYELS TOV EXTIUMOHEVO XPOVO
nephTwong g kabe epyasiag. To opdipa opiletal pe xpron g voppog Ly 0mwg mponyovpévag
KOL O TTPOTELVOHEVOG OAYOpLOpOG extedel TapdAAnia tov alydpiBpo Round-Robin o omoiog dev
a€romotei kaBoAov Tig TpoPAéYelg ko Tov alydplBpo o omoiog eivon PéATioTOG €@V oL TpoPAéelg
elvon axpLPeic. Xpnoupomoleital 6To oXHA ALTO P LITEPTAPAPETPOG A 1) OTT0Le EKPPALEL TNV TG TN
pog otnv TpoPAeYm ko mepLAapPAVETOL GTNV QITOTIUNGT TOV AOYOU CVTALYWVLGHOD.

AMoe TpoPApota ot ool 1) GyvwoTn TAnpogopic Tov eivon avaykaia yio TNV BEATIOTN
Abon divetar wg mpoPAedn otov alyopiBpo eivor o mpoPAnpa tng poppaténg[§], To Aepég
Taiplaopo pe Api€eig Kopvpav[p], to Tpagpucd Matpoeldég mpofAinpa tng Ipoppatéwg[h] ko to
npdPAnpa Evorkicong Iédhwv Zki[42].

IIpoPAeyn pe Tnv Mopen ZvpfovAng

O ovykekpipévog TOTog mpoPAéPewv Sev £xeL eQappooTeL GE TOANEG SLPOPETLKEG EPEVVITIKEG
gpyaoieg axopa. Xtnv epyoaoia [9] mapovoidleton o emovEnpévn exdoxr| tng texvikig Primal-Dual
ywo online tpoPAnpata n omoio AapPdver vTOYLy oTo XTioo TG Advong kot TNV TpoPAeyn/cupfovin.
Ot ouyypapeig e@appdlovy eTLTUXDG QLUTY) TNV EVIGYVUEVT TEXVLKT) 6T0 TtpoPAnpa Evoikioong ITé-
Sthwv Zxi, oto mpofAnpa Bahncard (yevikevor tov mponyovpevov) ko 6to pdPfAnpe Dynamic
TCP Acknowledgement. AEilel va onpelwBel mwg oto mpdPAnua Evoikiaong IIESiAwv Skt emttuy-
X&vouv ta idla amoteAéoparta pe To [42].

Offline ITpoPAeyn tng Online Eic6d0v

O ocvykexpévog TOmog mpofAréfewv éxel emiong ypnotponoindel katd kOpLo Adyo aTnv ep-
yooio [8]. H onpavtikr Swoepopd pe tnv mponyoOpevn KaTnyopiot lval mTmg OTNV GUYKEKPLIEVT)
epyooio divetal éva HovTEAO HadpOL KOLTLOD TO 0oToilo Aettovpyel ce omoiodriote online mtpod-
PAnpa yphpwv apiel vor LKAVOTOLOOVTOL GUYKEKPLHEVEG TEXVLKEG TTPOSLAYPOPES. ZUYKEKPLUEVX TO
povtélo avtd xperdletar 8o Siapopetikodg adyopibpouvg yia va Aettovpyrioel, évav online ON
ko évay offline OF F. O ahyopiBpog ON mpémel va elvo avTaywvioTikog ota bItocOVoAa (subset
competitive) To omoio vITOVoEl TG 0 AAYOPLOHOG KOTAVENEL [ie OLOLOHOPPO TPOTTO TOV AOYO avTa-
YOVIGHOD TOU o€ OAa ToL Ta btocVVOAX. O adyopiBpog OF' F, o omoiog Ba Tpéxel oTig mpoPAéyelc,
TPETLEL VXX €LVl Y-TIPOOEYYLOTIKOG otnv “prize collecting” ekdoxr tov mpoPfAriparoc.

To pavpo kouti oxNpa apyikdg ektehel Tov adyoplpo ON péxpl éva xatogil B. v ov-
véxelo emAveL To mpOPAnpa mov opilouvv ol péxpL TOpa amoPdcelg Tov aiyopiBpov ON xal ot
npoPAéPelg aToxebovtag e KOGTOG tVAAOYO TOU TTPOTYOUHEVOL KATWPALOD B Xp1oLomotdvTog
Tov adyopOpog O F F. H dwadikacio eavaropPdaveton péxpt va tedewdcouvy ot online eicodot.

Evdiopépov mopovotdlel 0 oplopdg Tov oPAAMIaTOS TV TPoPAéYewv 6To €V AOY® pOVTENO.
Svykekpipéva, xpnotpomotovvral dvo peTafAnTéG yio TNV péTpnon tov ocpaipatog. H petafAnt
A petpbel Tov aplipd twv mpoPAéYewv mov eivar ToAD pakpld amd KGITolo KOPPATL TNG TPoypa-
TIKNG €10080VL eved N petafAnthi D ocvykekpipevomotel Tt onpaivel to moAd pokpid. O mpokdmTOV
oAyopBpog metuyaivel emdooelg ALG tétoleg woTe:

ALG < O(log A) - OPT + O(D)

Ot ovuyypageic avtig TG epyaciog e@appolovy 1o povtédo awtd oto mpdPAnpa tov Aévtpov
Steiner, oto mpoPAnpa Tov Adoovg Steiner, oto mpoPAnpa tng Online Xwpobétnong Ynnpeoiov
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kot 6to TPpoPANpa tng Online Ieplopiopévng Xwpobétnong Yanpeoiov.

Yxedraopog Mnyoviopuwv pe IpoPAéperg

2TV ovykekpévr evotnta o piAncoupe yix v a€lomoinot npoPAéYewv otov oxedioopod
UNYOVIOHOV GUYKEKPLUEVE, KOOGS atuTO elvol KOVTLVOTEPOG TOHENS GTOVG OTOXOVS TNG TOPOVCNG
Suthwpatikig epyaciog. Ol NUOVTIKOTEPEG EMLTUYIEG HNXOVICHOV e TpoPAéPelg £xouv onpetwbel
oe dvo mpoPAfipata, oto TpoPANpa TG Xwpobétnong Yanpeowov ko oto TpdPAnua tng Meyioto-
noinong Ecddwv oe Anpompacieg Evog Avtikeipévou.

To online mpdPAnpa Xwpobétnong Ynnpeowwv éxer peletnBel omd dioepopeTicég epevvnTikég
opddec. O ovyypapeig Tov [28] mpoteivovy wg mpoPreym tig mbavég Bécelg (Tnong oto mpod-
BAnpa. E@oappolovv tov adyopibpo tov Meyerson [36] ko mopdAinia évav dAlo adydpiBpo o
omolog tomoBetel vnpecieg oe onpein kovtd otig TpoPAréPers. To opdhpa opileton pe Paon tnv
voppa L. OL ovyypageig tov [25] dovAevouv pe tov idto tOmo mpofréfewv OPWG 0 TPOTELVOpE-
VOG HIXOVIOROG TOUG elvoul SLopopeTikdg. ZUYKEKPLHEVOL O HNYXAVIOHOG TOVG Tomobetel vtnpecieg e
mlavotnta avahoyn tng amdcTacng g tpoPAreyng amd Tig 1181 vdpyovoeg vrnpecieg. O pn-
XOVIGHOG TOUG lval 2-0LVETHG Ko AItOSELKVOOUY YLt AUTOV MLt KAELGTOV TOTTOL GLVAPTIOT] TTOV
TEPLYPAPEL TNV HETAPOAT] TOU AOYOL AVTAYWVIGHOD KaB®G TO o@dApa avEdvetat. TéLog oL cuyypa-
@eic Tov [4] pedetodv to TPOPANpa Vo Alyo Sa@opeTikt] oKOTMLY, BewPOVTAS TWS oL TPoPAEPeLg
elvon puo otkoyévelar ouvorwv Tov mepLypdpovy mibavég Adoelg tov mpoPAripatog. Yo awtd To
SLoupopeTikd HOVTEAO ATTOSELKVDOUV [LX KAELGTOD TOTOL GUVAPTIOT) IOV TEPLYPAPEL TNV HETAPOAT]
TOU AOYOL OVTAYWVLIGHOV KaB®G To cdApa avEavetal (dev pmopel va yivel evbeio oykplon pe ta
QTTOTEAEGHOTAL TV TLPOTYOOHEVMV EPEVVOV).

H offline exdoyn tov mpoPArparog pe mpoPAréfeig éxel pedetnOel otnv epyaocia [[1]. Zvykekpt-
péva to poPAnpa peretriBnke vod dvo cvykekpipéveg okomiéc, To Egalitarian kot to Utilitarian
KOWVWVLKO KOGTOG. KoL Yl TIG dVO TEPLTTAOCELS OL GUYYPaelg oxediaoov pPnyaviopovs ot omoiol
XPNOLHomolotV wg tpoPAredn tnv ev duvapel Abon tov TtpofAnpatog.

Ooov agopd to Egalitarian kowvwvikd k6cTtog peletiOnke 1o mpoPAnpo t6o0 otV ypoppun
TOV TPOYHOATIKGOV aplOuodv 660 kot otov diedidotato xwpo. e To TpoPAnpe otnv ypopun ot
oUYYPaPeig TaPoLoLALOUY EVOV VTETEPHULVIOTLKO UNYXOVIGHO 0 omolog meTuyaivel 1-cuvémela Ko
2-evpwoTtia (1 2-evpwoTtia cvpPadilel pe Tov KaAbTEPO duvatd AdYo TPoGéyyLong). XTo TpOPAnpa
oTov S16dLdaTaTo XWpo R?, mapovst&lovy évay mapdpoLo Pnyavicpd o omoiog metvyaivet 1-cuvémeia
kot (14-v/2)-evpwaotia (H evpwoTtia Sev cupmintel pe Tov kKaADTEPO AOYO TPOGEYYIGNG TOL TPOPAT-
potog o omolog eivan it 2). HopdAa avtd, oL GUYYPAPELS TNG CUYKEKPLHEVNG epyaciag amodel-
KVOOUV TTWG OTTOLOGONTTOTE UNXAVIGHOG 0 0TT0L0G X p1|GLHOTToLel TPOoPAEPeLg Kot TTeTUYiVEL GUVETELXL
KoAOTEPT atd 2 Sev pmopei vou eyyondei evpwotio kadvtepn amd (1 4 4/2). To Utilitarian kotve-
ViK6 kKOGTOC pereTriONKe povo 6To Sodibotato ydpo R, 1o omoio mapovsidlovy éva pnxavicpd o
07t0L0G ETLOEXETOUL HLOG TTOPOHETPOV EPTLGTOCVVNG €. ATTOSELKVDOULV TTWG 1) GLVAPTNGT HETAPOATG
oL Abyou Tpooeyyiong (cuvaptnoT Tou ¢) eivar BEATIOTN LTTO TNV évvola OTL aTOTLTTOVEL TO Pareto
Frontier tov mpofAfparoc.

H epevvntikn epyaoio [50] etodyel pio cLOTNHATIKT HEAET) TOVL XWDOPOL GXESIACTG PN AVIGHOV
ot omoiot a€lomotovv mpoPAéyels. To mpoPAfpata To omoior HEAETOVTOL GTNV GUYKEKPLUEVT] €p-
yooio eival o tpoPAnpua Meyiotonoinong Ecodwv oe Anponpacieg Evog Avtikepévou, to Frugal
Path Auction, o ®haAiOng Xpovorpoypappatiopog Epyaociov kal 1 Xwpobétnon 2 Yanpeowmv
otnv ypappr. Epeig B ddoovpe éppaon povo oto mpmto mpdfAnuet.

Or epevvnTég woyvpilovton oG To va oxedialovpe unyaviopovg pe tpoPAéyelg eivon mo d0-
okoAo amtd to va emavédvoupe online adyopiBpog pe mpoPAréfeic. O kvpLdTEpOg AOYOG Yo TOV
ormolo to Loyvpilovtal autd eivon 6TL otovg online adyopLBpoLg propovpe vor eEVOAAXGOOPAOTE
avapeso otov offline adydpiBpo pe mpofAéPelrg kot tov online adydpiBpo ywpig mpoPréPelg ovi-
Aoya pe to moco kahd afloloyovvton (péxpl oTypric) ot mpoPAéfelg mov pag éxovv dobei. Te éva
otpatnylkd meplPaAdlov Opwg awtd dev eivor Bepito, SLOTL o8 éva TETOLO GO OL Tk TEG £XOLVE
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AOyoug var aAAGLoLVE TNV OTPATNYLKT TOUG OOTE VO 001 YOOV TOV UNYAVIOHO GTNV EKTEAECT] TOU
LTtd aAyopLBpo mov toug e€umnpetel meplocdTEPO. OL GLYYpapelg TOVILOLY TG 1) CLYKEKPLUEVT)
Sdvokoria 6TO GXESAGHO PNYAVIGHOV €LVl GTEVER GUVOEDEPEVT e TNV OVAYKT) HOVOTOVIOG GTOUG
oAyopBpoug Stopolpacpod ov meptAapfavouv 6AoL oL punyovicpol.

1o npoPAnpa Meyiotonoinong Ecodwv oe Anpompacieg evog Avtikeipévou Bewpolpe mwg OAeg
oL a€LOOELS U; TWV N TTOUKTMOV YO TO OVTIKEipeVO avijkouy oto didotnua [1, h]. e omorodrote
UNXOVIOHO OL TTAlKTEG EMLAEYOLVY TNV TPOCPOPE TOVG YLAL TO AVTLKEIPEVO b;, KoL 6TOXO0G TOVG eivat
VO HEYLOTOTTOLOOLY TNV GLVAPTNOT] WPEAELXG TOVG U; = X - Vi — Pj, OTOL Py elvon 1) TANpwpn edv
AaPouv To avtikeipevo ko x; = 1 ebv o maikTng ¢ AdPet To avtikeipevo (aAiiwg 0). Ztdyevon yio
aLTOV TOV 07T0i0 ekTeEAEL TNV dnpompacia eivat va peylotomolroel To képdog dnAadn tnv mTocoTNTA
Di.-

2TV GUYKEKPLUEVT epyacio TTPoTeiveTon Evag TTOAD OTAOG PN AVIGHOG He TTPoPAEYPELS Yot TO
TPOPANHO, O OTTOLOG GTN) CULVEYELO ETMEKTELVETAL GTOV TEALKO HUNYXOVIGHO. APYLKOG OL GUYYPOPELG
Bewpolv mwg 1 TpdPAeyn mov divetal otov pnyaviopo eivor 1 afio Tov evog avtikeévou yio ke

ieN | 0; v
O amAog pnyavicpog tov omoio poteivovy tafvopel apxLkadg TIg TpoPAéVelg oe (p@ivovcsoclcrulpéc.
OTNV CUVEYELX ETTLAEYEL VO OMCEL TO CLVTLKELHEVO OTOV TTAUKTT) ¢ 0 0T0l0g £XEL TNV peyaAbTepr) TPo-
PAemtopevn Ty epOGOV LoYVEL TOG 1) TPOGPOPE TOV CUYKEKPLLEVOL TTOUKTT ELVOL HEYOADTEPT] TNG
npoPAemopeveg Tipng Tov (SnAadn av b; > ;) ko ) TAnpwpn tibeton ion pe b;. EO&A G 0 un-
XOVIGPOG OTOdEXETOL TNV HEYOADTEPT) TPAYHATIKT] TTPOCPOPA YLAL TO CLVTLKEWEVO EVED 1) TTAT|PWHT]
emAéYeTOL WG 1) OeVTEPT) PeYOADTEPT) TTPOCPOP. O GUYKEKPLUEVOS U XOVIOHOG elval 1-GUVETAG Kot
Bmg ywpic c@dApata n peyalbtepr TPoPAemOpevn TIUN CUNTITTEL PE TNV TTPOYHOTIKY) HEYOADTEPT
T KoL TO avTikeipevo mwAeitan otov ovykekpipévo maiktn pe p; = OPT. Antd v dAAn o ovu-
YKEKPLHEVOG HNYOVIOHOG OXKOHO KoL Yl QAApa 1 + € pmopel va éxel evpwoTtio h (CTHELOGTE TG
h eivar o kA OTepog AOYOG TPOGEYYLOTG YLX VTETEPHULVIOTIKOUG X AVIGHOVG GE LTS TO TTPOPANH
[26]). O cvyxkekpipuévog pnxaviopog propei vo mopapetporown el pe pio vitép-ropépeTpo v, 1 omoio
kaBopilel Tnv epmiotoovvn pog otny TpoPAeyn ko va a€lomoinBei oTov pnxavicpd Oote va yive-
T 1 ovykplon b; > % Me qvTd TOV TPOTTO 1) CUVETELDL TOV HIXOVIGHOV TTOPOpEVEL ISL0r AAG eV
TO COAOMIX elval PLKPOTEPO TOV 7y 0 AOYOG TTPOCEYYLONG HETAUPAAAETOUL COPPWVX JLE T GLUVAPTNON
1. O TeEAKOG UNYVIGHOG TOV 0TTOL0 TTPOTELVOLV OL GUYYPAPELS emtekTeLvEL ALTHV aKPLPOG TNV L€

maiktn, dnAadn éva Sivuopa TGOV V= {Vi}ien. To o@dlpa opiletar wg n = max ?, vl}

1.3 Xvuvdwxotikég Anpompacieg

Ye autd T0 KePhAoo B mapovcLioovpe TO KAAGLKO TPOPANHa ZuvdvacTikdV ANHoOTPAGLOVY.
Oa opicovpe Pacikég évvoleg Tng AhyoptBpikng Oewpia oy vinv kot Twv AnpomTpaciodv oL 0moieg
elva avarykaieg yla vo kaetovorcoupe To TpoPAnpa. Etn cuvéxela, Oo TpoYwPT)GOVHE GTNV TaLPOL-
olooT CMHAVTIKGOV TEXVIKOV TTOL €xouv Xpropomoinbel oe Anpompaocieg kal télog Ba mapovoid-
OOUME TIG TEAEVLTOUEG BOVAELEC GTO XMPO TWV ZVVOLACTIKMOV ANHOTPACLOV.

Tomd to TpdPANHa TV ZuvdvaoTik®dv Anponpactdv opiletal wg 1 dadikacio Stapotpacpod
oL cuvoAov M mov anaptileton otd m avtikeipeva oto cOvolo N mov atoteleiton amd Tovg n
ovppetéxovteg maikteg. Kabe maiktng éxer tnv dikr) Tov cvvdptnon a€oldynong v; (),  omoia
avtiotolyel omotodrmote vroshvoro avtikelpévov S C 2M e évav mpaypaticd aptdud v;(S) Kau
mepLypaeetl tnv a&io mov AapPhvel o maiktng ¢ edv AdPetl koo chvoro avtikelpévwy S. Av Bew-
prjooLHE Evay oUYKEKPLEVO Srapolpacpd Towv avtikepévov A = (A, Ag, ..., Ay), TOTE prtopovpe
va opicovpe tnv Kowwvikr Evnpepio Tov ovykekpiyévou Swapotpacpod wg Y | v; (4;).

1EN

H ouvifng dradikacio 1 omoio autotedel tnv oxedioon pnyovicpdv yuo dnponpacieg amortel
OV 0pLopd V0 ovyKkekpEveY olyopiBuwy. O mpdtog adydpiBpog eivan o adydpiBpog Srovoprg,
0 omoiog pe Péon Tig eLoddovg mov AapPavel artd Tovg maikTeg vITOAoYilel pe ooy TpdTo Bt pot-
POLGTOVV T AVTLKELEVA TNG SMHOTPACLOG OTOVG CUPHETEXOVTES TTaikTeG. O GLYKEKPLUEVOG OAYO-
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pBpog Ba mpémer va AopPiver vTdOYm molog eival 0 6TdY0G wTOL TTOL Slevepyel Tnv dnpompacio.
Mopadeiypatog xapLv, o 6TdX0G prtopel va elvar va peytotomown el to képdog ad tn Sradikaoio
aAA& popet ko va eivar va peylotomoinBei 1) Kowvwvikr) Evnpepia.

Ortav peletdpe tpoPAnpata otov AlyopiBpikng Oewpiog Honyviwv, opeilovpe va Aapfévoupe
TAVTO. LITOYLY HAG TNV TAKTLKT CUUTEPLPOPE TOV TALKTOV. XTNV TPosTabela TEPLOPLOHOD NG
OTPUTNYIKNG CUMTTEPLPOPAG TWV TTALKTAOV OL pUYavicpol aflomolodv Tov Sevtepo alyopiBuo o omoiog
koBopilel koo kavova TANPOUOV. AuTég oL TANpopég evbBuypappilovv Tig 6TOXEVOELS TOU Ur)-
XOVIGHOU HE TIG GTOXEVOELG TWV TALKTOV. ZovnBileTat £ToL var XproipomoLeito éva SLAVUGHA TGOV
p = (p1,p2, ---; Pm)- Me P&on avTd T0 SLAVUCHA PITOPOVHE VAL OPICOVHE TNV CLVEPTNOT] WPENELOG
K&Be TTaikTn i WG pio GLVEPTHOT 1) ool aTTOTLTGVEL K& LIToGVVOLO avtikeyévov S C 2M oe
gvaparypartikd aptBpo u; (S) = v;(S) =3¢ g pj- T arhdTnTa 0T Ypoupt) O xprioiponotovpe Se-
dopévo evog SLavoPOTog TOV P = (P1, P2, -, Pm) TNV SUVTOpOYpagiap (S) = 3 e g pj Ko éTot
npokvmtel u; (S) = v;(S) —p(9). TéLog Sedopévov GUYKEKPLIUEVOL SLOPOLPAGHOD TWV AVTIKEWHEVOVY
A pe mAnpopég p ptopodpe va opicovpe To képdog tng dnpompaciag wg Rev(A) = > > p;.

iEN jEA;
Xpnoomoldvtag to kEPSog NG SNHOTPAGLAG KoL TIG GUVOPTHCELS WPEAELAG TWV Ttocucrd)]v prto-
polpe va ypdfovpe v Kowvwvik Evnpepiacog Wel fare = > v (A;) = > wi (Ai) — Y pj =
iEN iEN JEA;
> (ui (A;)) + Rev(A).
ieEN

M koBoAikr) otdyevon katd tnv Sadikocion oxedlacpod pnxaviopu®y eivat vo pnv emtpé-
TOUHE OTOVG TTOUKTES VoL wPeAodvTon 6Ty pag divouv avainBeic mAnpogpopieg. Av propodoope e
KOQITOL0 TPOTO VoL SLAQUAGEOULE OTL OL TAUKTEG ATTAVTOVY G€ OAEG TIG EPWTHOELS TOU HNYOVIGHOD
elAkpvd, Ba prropotoope v apoctwBolpe povo otnv adlyoptBuikn vdcTacT ToL TPOPANHATOG
Ko To TeAkd amotéleopa tng dradikaciog Ba rav akpiPés. Avtd akplpdg aoTLITOVETAL OTNV
évvola NG PLAaABelag Tnv ool SLLTLTTOVOUE TAPAKAT®.

Opropdg 1.3.1 (prhadfOewar). Evag pnyaviouds eivou pidainbric avv yio kdbe maikty i to va amoka-
AUrter tpv mpaypartikij Tov cvvdptnon aéioAdynong v; (+) eivan kuplapyn orparnyiki (ueyiotomoiel Tnv
ovvapTnon wPélelag Tov).

Otav oxedidlovpe pnyovicpots yia SNHOTPAGIES PG EVELAPEPOUV TPELG CNHAVTIKES LOLOTNTEG:

1. Na depurdooetor 1 grioinOeto.

2. No emtoyydveton o a1d)0G NG dnpompaciag (m.x. N Meyiotonoinon tng Kowwvikng Eunpe-
piag).

3. Na eivon 1 dradikacio viroroyloTikd arodoTik.

YTIG TEPLOGOTEPEG TEPUTTMOGELG ONUOTTPATLOV SEV HITOPOVHE VAL EXOVLE TAVTOY POV KAL TLG TPELG
W0t Tes. I awtd T0 AdYO OvaryKalOPOGTE VO XOUAOPDCOULE Piot ard UTES KO KATOAY YOUE £TOL
vo xahapdvoupe tnv Wotnta 2, dnAadn tn PertiototnTa Twv AVcE®Y TOV PYovIcHOV. Mia arnd
TIG Yvwototepeg dnponpacieg otn PLAloypagio kol otov X®po eivor 1) dnpompacio devtepng Ti-
pig tov Vickrey [47] 1 omola ikavomotel ko Tig Tpelg ovvOrkeg aAA& apopd povéryo To TpoOfAnpo
TOANCTG €VOG AVTIKEWPEVOL He 6TOXO TNV peylotomoinomn tng Kowwvikng Evnpepiag. Eivor yve-
otog dekaetieg TOpa 0 (Lovadikdg) pnxaviopdg o omolog popel vo emmdveL BéATiota dAeg Tig On-
HOTPOGieg OL 0Toleg €YOUV GTOXO TN HEYLOTOMOLNOT TNG KOLVWOVLIKTG eLTHepLaG Kol oruTOG elval o
pnxoviopog VCG [47], [13], [27]. To tpofAnpa pe to pnyoviopd VCG eival 6T 6Tig TeplocdTepeg me-
putTooelg outaltel ekBetikd ypovo yio va Tpé€el. Zuvenmmg to TpOPANpa To omoio KadeiTo 1) épevva
vo Aboel auth) TN oTypn eivat 1) Stathmwot) pXavIcH®OY oL 0oiol £Xouv KaAd AOYo TPocEyyLong
KOL TPEYOLY G€ TTOAVWVUHLKO Y POVO.
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Yvvaptnoeig A§loAoynong

Onwg avagépapie Ko TPOnyoupévag kK&be maiktng i oe pio YuvdvaoTikt) Anponpacic éxel Tnv
TPOCWILKY TOL cLVAPTHoT a€lohdynong v; (+). Otav emiyelpodpe vo oXeSLAcOLpE £V PNXAVIGHO
yia ZuvdvaoTikég Anpompacieg cuyva meplopilovpe TOGO EKPPAGTLKY HITOPEL Va elvo VTN 1) GL-
vaptnon akloloynong. Hopadeiypatog xbpn pia eEopetikd amhovotevtikr] mapadoxr eivar 6Tt
Ot oL aikTeg AopPavouy opartdve oo éva avTikeipevo o TpoTog pe Tov omoio afloloyoldv to
oUVOAO TV avTikeipeveV eival TpocsBétovtag TNV a&io Tov k&Be avTikelpévoy EexwPLoTd. Xe avTh
TNV TEPINTOOT OGS, dev AapPdvoupe vTOYLY Twg Tow avTikeipeva TposBétouvy 1) aparpodv aio
otav ouvurdpyouv (.x. 1 aEia evog avarPukTLKoD Kot g popag podi eival yio toug meplocote-
pPOUG avBpOITOUG PLKPOTEPT ATt TLG EMPEPOUG 0Eieg TV dVO avTIKEIPEVQV).

Ot ovvniBeig mapadoy£g Tig omoieg Lkavomolovy OAeG oL cuvapTHoElg aELoAOYNoNG eivat ot eEfg
dvo:

1. Kavovikomoinon: v; (#) = 0,Vi € N.
2. Movortovia: v; (S) <v; (T),VS CT C M and Vi € N.

Oa mapovcldooupe TOpa TG oLVHBELS KAdaelg ocvvapThicewy afloAdynong:

e Additive: v(S)+v(T)=v(SUT)+v(SNT)VS,T C M.
e Submodular: v(S)+v(T)>v(SUT)+v(SNT)VS, T C M.
e Subadditive: v(S)+v(T)=v(SUT)VS, T C M.
e Unit demand: v(S) = max v {7} VS C M.
jE

: ) — . C ; o el iti 2

e XOS v; (S) 02X (i k) (S) VS C M, 6mov ag; ) eivon | Additive cuvapt
LG

e Gross-Substitutes: Ilepiypagpovv cuvaptrioelg afloAdynoelg oTig omoieg 1 peiwon tng Tung
evog avTiKeLEVOL J dev auvendyeton avEnom tng {rtnong yio omotodnmote GAAOL avTiKeL-
, ./
pévou j'.

H oxéon avapeca otig dipopetikég kKAdoelg ouvaptioewy afloAdynong TapovoLdletal 6TV
TOPOKATW elKovaL:

Subadditive

Submodular

Gross Substitutes

Unit

Additive Demand

Eme1dn} oL ovvaptrioeig akloloyroelg eival cuvaptrioelg ot omoieg avtioToryilouvv Tov ekBeTikoD
peyéBoug xkpo 2M arovg mparypatikong aptOpoS, TPOKHITOLY YUGLKE EPOTARATA OGOV APOPX TO
OGS kPLPOG TEPLYPAPOVE CLUTH TNV TANPOPOPLOL KAL PUOLKA TTWOG TNV ETLKOLVOVOUV OL TTALLIKTEG
otov pnyovicpd. O 8o ovvrBelg “Abcels” oL omoieg ypropomotovvTal otV Tpdn eivou oL epw-
oelg {iTnong kot oL epwtnoelg aklog.
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Definition 1.3.1 (epdnon {Rmong). Xng epwrroeis {ntijons o maiktng i maparnpel v Siavvoua
TV p kou Tov {nrdte v amopavOel wg é€odo to vmoovvodo S’ o omoio peyioTomoiel v cuvdpTnon
wpédewas Tov Snlad:

S’ = argmax {u; (S)} = argmax {v; (S) — p(S)}
SQQJ\J SQQJ\/I
Definition 1.3.2 (epdtnon akiog). Xtig epwtijoels atiog o TaiKTHG © ATAVIAEL Yidt £V CUYKEKPIIEVO
vrootvodo avtikeyiévov S" méoo ailel yia tov idio avtd To vrootvodo dnAadii v tur v; (S').

O epwtroelg {NTnong elval aueTnpa LoXVPOTEPES TOV EPWTNOEMV a&lag KoL YL QUTO XPTOL-
HOTTOLOVVTOL GTOVG TTEPLECOTEPOVG HITYXVIOHOVC.

Toyxonotnte ko AerypotoAnpio

Ytnv AlyopiBpikr Oswpia Moy vinv, 0mwg ava@époie Kot TPOTYOLHEVKG, KOAODHXGTE var dio-
XELPLOTOVHE TO YEYOVOS OTL OL TaUKTEG £XOLV KATOLX XYVWO TN TTANpOoPopia TNV omoix tpocadovpe
e KATOLOV TPOTO VO EKTIUNGOUNE. ZuX VA PplokopacTte ot 0éon OTTOL 0 OYESIAUGHOG HIXOVIGHOV
amoutel voo yvwpilovpe To e0POG GTO OTTOLO0 KATAUVEHETOL KATTOLO. XYVWOOTI) G€ HOG TULY. 2€ TETOLEG
TEPLTTOOELG Pt cuviBelg Tex vk 1) omola yprotpomoteiton eivar 1 detypoatoAnio. npovtikd ei-
Vo va Tovicouvpe eEapyng TG GTNV TEPLITTWOT) TTOL SELYHATOANTTOVUE GTOVG TOUKTES, OL TTAUKTEG
oL omoiot avrikovv 610 delypo pog dev Ba mTpérmel vo CUPPETAGYOVY 6TO TeEALKO TTaiy VLo, KOB®G £ToL
toug diveton 1 SuvatoTnTa var dwoouvy Pevdeilc TAnpogopieg (emnpedlovtog £€Tot TIg TIpéS oL Bo
QVTLIKPLOOLY GTNV GLVEXELX) KoL pa dev vPLoTATOL TAEOV 1] PLAXANDeLOL.

Ymapyxouvv SLa@opeTikol TPOTOL e TOVG 0TOLOVG HILopoVpE vor avaPoupe deiypo amd évo TAT-
Ouopo. H mo amAn) okéyn eivor vo xwploouvpe pe eVTEA®G TUXLO TPOTTO OAOVLG TOVG TTAKTEG O
éva otabepd apBpd opddwv (cuvibwg 2) ioov peyéBoug ko aupot emAé€ovpe ol opddo arote-
Ael To Selypa vo eEQYOUE TO GTATIOTIKO TTOL HOG eVOLXPEPEL OTTO TO SelypHal KL Vo EKTEAECOVHLE
TOV PNXoVIoHO oTig dAAeg opddeg. To mpoPAnpa pe awtr) n Sradikacio elvat 6TL elodyel cvoye-
TICELG AVAPEG O GTOVG TTALKTESG, TO OTTOL0 eV YéVel elval avemtBopnTo (kupiwg emeldr) dev pmopoiye
vo epoppocovpe mbavotikég avicwoelg 0mwg Chernoft 1) Hoeffding). Ilpog ammoguyr) avtod cuxva
emAéyoupe vo tomobetricovpe k&Be maiktn pe aveEaptntn mbavotnTa oe omoladmote ad TIG
opadec. Etol metvyaivoupe o peyéOn twv opddwv va eivon mepinov ioa (eival ioo wg avopevope-
VEG TWEG) KO APOLPOVIE TIG GLOYETIOELS avapeca oTovg. H ouykekpipévn texvikn elvon e€apetiné
SNHOQIANG 0TI TEAeLTALEG EPELVNTIKEG EpYATieg 0 ZUVOVLACTIKEG ANHOTPAGIEG KOl X PT)GLHOTTOLEL-
TOL YL VO ATTOGTIAGOVHE atd TO Selypa xprioipeg TAnpoopieg .. v T ¥ = max; v; (M) 1
Kol v @paypata yoe v Tipn g PéAtiotng Avong OPT.

MéBodot derypatoAniog 61w eivar ovopevopevo dev pitopovv va yprjotpornolnBoiv oe OAeg TIg
TEPUTOOELS. Eva TOAD atAd map&delypar piag TéTolag mepntoong eivot pio Zovdvaotiky Anpo-
npacio otng omolag tnv PBéAtiotn Abor évog povo maiktng AopPdavel Ol T avtikeipeva. Se ovTh
NV mepintwon av tpoomadroouvpe va k&voupe detypatonyia Bo tpoxOyel éva ex dVo oevapiwv,
1 0 cuykekpLpévog aiktng Oa Ppedel oo delypa kal oe vty TV epinTwon Ba Exovpe xaoeL TNV
BéAtiotn Adon pag, 1) o cuykekppévog maiktng dev Ba Ppebel oto Selypa pog Kot ToL GTATIOTIKG
ta. omoia Bo exkAdPfoupe otd o detypor pLopovy va elvo TOAD pHokpLd ot TNV TTPAYHATIKOTHTCL.
H cvykekpipévn mepintwon kol dAleg mopopoleg 6Tig omoieg 1) PéATioTn Adon potpdleton povo ce
pioe TOAD pikpr} pepido v maktdv (.. otabepov peyéBoug) eivor PLOLKA AVTLIKPOVOHEVES HE TLG
TEPUTTMOCELG OTLG OTOLEG OLVTLKELHEVOL TTPETEL VOL HOLPAOTOVVY 0€ TTOAAOVG Taikteg. Tumikd propotye
VO OPLGOUHE TNV TTPMTI) OLKOYEVELX TAPASELYHATOV WG TX TOUPOELYHOTA OTA OOl LILAPXEL TOL-
Aéyiotov évag aiktng i pe vy (M) > %, 610U a pic oTabepd. O ATOKAAODLE TETOLOVG TTOLKTEG
amd €8 ko 670 €ENG WG KLplapyovg TalKTES.

Eivar dvoxoro va oyxedidoouvpe pnyoviopois ot omoiol avtihapfévovtoal av éYoupe TECEL GE
KOITOLAL TTEPLTTWOT) TNG TPATNG OLKOYEVELXG 1) TG debTepnc. Autod mov cuvnbileTon oe TéToleg Te-
PUTTOGELG ELVOLL VOL ETILTPETTOVHE TUXOULOTITOL GTOVG MY AVIOHOVG KoL ouYKeKpLpéva va oxedidlovpe
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2 UNXOVIGHOVG: TOV TTPADTO MOTE VO TETLXALLVEL KAAO AOYO TTPOGEYYLOTG OTAY LITAPYEL TOVAGYLGTOV
éva kuplopyog maiktng ot dnpompacia, kol Tov SeDTEPO Vo TETUYALVEL KOAO AOYO TTPOCEYYLOTG
otav dev vITAPYEL KavEVOG Kupiopyog maikTng ot dnponpacio. AELOTOLOVTOG TO YEYOVOG TG )
Kowwviky Eunpepia eivat pn apvntikn mocotnto propovpe va ektedécovpe mbavotika évav ek
TV d00 PNYAVICHOV KoL £TOL VoL TTETUXivoLpe o€ kK&Be mepintwon n avopevopevr Kowwvikr Ev-
npepia v topovotdlel kadd Adyo mpocéyylong.

O punyaviopdg o 0oiog X PrCLLOTOLELTOL YLt VO KOADITTEL TIG TTEPUTTMOCELG TTOV LILAPXEL KLPLop-
X0G maikTng ot dnpompocio eivor pia dSnpompacio debTepng THAG YL TO TATPEG GVUVOLO ALVTLKEL-
pévaov M. Amo Tov opLlopd TOL KupilopyxoL TTaUK T KATAABoiVOUpE OTL O GUYKEKPLUEVOG HITXOVIOHOG
0€ QUTEG TIG TTEPUTTOOELS TTETLXALVEL AOYw TTpocéyyiong a. Etol, n épevva oTov xdpo mpoomobei
vor SDOGEL HXOVIGHODG OL 0TToloL TETLY VoLV KaAd AdYo pocéyyiong dedopévou OTL dev vtdpyet
kovévag koplapyog maiktng. H ocvykexpyiévn vootpormia pmopel va emiPudoel péxplg 6tov kota-
OKELOOTEL EVag PN OVIGHOG O 0Tt0i0g éxeL oTofepd AdYo mpocéyyLong, 0mote TAéov Ba mpémel va
avoBewpnBei n dnpompacia devtepng TYg Yo To TApeg GOVOAO TOU avtikelpéveov M.

Ot xabtepol unyavicpol ot omoiot éxouvv yprotponolndel oTnv épevva TOL TPOGPATOL TAPEA-
06vTog emoTPUTEDOLY KATTOLOV GYTLA TO 0TTOi0 G€ YOpoug Tpoomabdel va pdbet Staviopato Kahdv
TIOV VIO TO AVTLKELpEVEL. AUTO PUOLKA EKKLVEL VEEG EPATNTELG OTTWG:

1. g axpPog opileton éva kadd éva Stvuopa TIHOV;
2. TIodg prropodpe vor xpnoLpooLjoovpe ta kKahd Stoaviopata THoV;

3. g pabaivovpe péoa 6TOLG PXOVIGHOUG Hag KaAd StovOoHoTO TIHGDV;

Ot amavtrioelg o€ autd Ta epOTHHATO SLLPEPOLY AVAAOYX e TNV KAXGT) CUVAPTHGEWY OELO-
AGYNnong vmd v omoia epevvovpe To TPOPANpe. Xtnv Additive kAdon éva kKado Sidvuopa TGOV
elvar oL BéATioTeg TpéG oL omoleg opilovtal yio kdBe avTikeipevo oG kdutolo Tt 1) omoia eivon
Tautoypova pkpdtepn (1 o) amd v peyodbtepn a€loAdynomn amd K&ITolov okt yio autd To
QVTLKELLEVO KoL peyodOTepT) atd TN debtepr) peyodOTepn a€loAdYN ot outd KATTOLOV KT Yol TO
id10 avtikeipevo.

Ynv kAdon XOS pmopoipe va 0ploovpe TIG VTOOTNPLKTLKEG THEG TOU BEATIOTOL StapoLpacpod
O = (O4q, ..., Oy,) pe Tov €€1ig TpOTO- 0PIovIE WG LITOGTNPIKTIKEG THIEG g5 TOV AVTIKEWEVQDV j € Oy,
Ta Papn G péylotng (katd Tov voroyiopd tov O;) additive cuvaptriong amd Tig ! Tov propovv va
xpnoyomotnfov yia va avostopacs tioovpe T v; (+). ZuoxeTl(Opeveg pe auTEG TIG TYEG q eivart TO
Stbvvopa Tipdv p ov vtooTnpilel tov édtioto Sroporpacpd O = (01, ..., Oy ), Yo T0 01010 o)L
pj < g5 Yo OAo Taw avtikeipeve j € M. Ou cvuykekplpéveg TIHEG elvan XpriciEG GTOV TOPOKATW
QTTAO PNYXOVIGHO.

Mechanism 1: Fixed-Price Auction (p, M, N)
Input: A price vector p, a set of items M, an ordered set of bidders N
Output: An Allocation A = (Ay, ..., A,)
fori € N do
Suppose S; is bidder ¢ response to the demand query with items M and price vector p.
end
return A = (41,..., A,)

H d0vaun tov 6uykekplévou P oviopod amoTUTOVETHL 6TO €ENG ATHpO:

Appa 1.3.1. [14] N éva Srapoipaocud avtikeyévov O = (O1, ..., Oy) ki éva Sidvoopa Tyidv p =
(p1, ++ey Pm) TO 07TOi0 LITOTTNPILEL QUTO TO Srapolpacyd, o unyaviouds Fixed-Price Auction mov ypnoiyio-
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ToLEl TIG TUIEG g = (%1, oy B é") karalijyer o€ évav Siopowpaoud A = (A, ..., Ay,) orov omoio 1oyUet

Y icoPj
3 ui(4) > Sl

ATo TIg TPELS EPOTNOELS TTOL BécOpE TOPATAV®D PITOPOVHE VA TOPATPHGOVHE TWG VIO TNV
OKOTLX IOV éYOULpE LIoBeTRoEL, amavTdVTaL oL dvo pteg. To onpeio evdapépovtog TAéov KaTo-
Ajyet va elvon 1) Tpitn epotnon. H yevikr 1déa mov emoTPOTEDETAL OTLG TEAEVTALEG EPEVVITIKEG
EPYOLOLEG ELVAL O XWPLOPOG TWV TIALKTMOV G€ OPADES KoL 1) EKTEAEDT) KAITOLOV LITO-UIXALVIOHOD GE YO-
poug (cuvnBwg Fixed-Price Auction). Xtnv apyr] apytkomoteital To Sidvuopa TIHOV. Ze kK&be yopo,
pe kotdAAnAa pucpr) mBavoTnTa 0 LITo-PNXAVIGHOG aTToPacilel TOV TEALKO SLPOLPAGHO TOV oVTL-
KeWévov. ElOGAAwG 0 pnyaviopog mpoxwpdel GTov eOUEVO YOPO, £XOVTOG OU®G CLAAEEEL TTAN pO-
@opla 1) OTolx ETMLTPETIEL OTNV ETLOPEVT] EKTEAECT) VO EXOVHE GUYKALVEL G& KAADTEPO SLAVUGHA TLUOV.
H ovuykexpyévn déa epappodletal oTig TeAevtaieg epyocieg TG0 yio TO TPOPANUA e GLUVAPTHOELS
akloldynong otnyv kAé&on XOS [116, 7, 6] 600 ko otnv kAdomn Subadditive [6].

1.4 Xvvdwxotikég Anponpaocieg pe [IpoPfAéyerg

211G mpornyovpeveg dVo evotnTeg YTioope Too Oepédia OV UTALTOOVTAL YLt VO EEKLVICOUHE VO
peletape to TPOPANHA TwV ZuvdvaoTikdV Anpompacidv pe eEwteplky) TANpogopia TNV Hope
npoPAéPewv pnyovikng padnong. Ou tpoPAéyelg mov Ba aflomoijcovpe éxovv T popyr Savu-
OHATOV TIHOV. Oa Tapovctdcovpe anoteAécpata yio Tnv Additive popen tov mpofAnpatog kot
tnv Submodular. Tovifouvpe mwg pag evdlopépouv pnyoaviopol yio Zuvdvaotikég Anpompacieg xw-
pig KLPlapYOLG ALK TEG. ZUYKEKPIHEVL:
Yno0eon 1.4.1. Aev vndpyer kavévag naiktng i € N téroog wote vi(M) > %. Térotov eidovg
TOUKTES OVOpALoVTaL KUPIPXOL AIKTEG.

1.4.1 IIpoPAéyerg yro Zvvdvactikég Anponpacieg

Ortav peletodoape 10 KAaokd TpdfAnpa Zuvdvaoctik®v Anponpactov, eidope Ot eivor ove-
yxaia 1 xprion TLOOVOTIKGOV HNXAVIOHOV, LOLOG YLO THV TOLTOX POVT] LKALVOLYOT] TWV TOPASELYHATOV
7OV £XOLV TOLAKXLOTOV £VOV KUPLOPYO TTOUKTT KoL TOV ToPASELYPATWV TTOL dev éxovv. AvTd elvor
ePLKTO emeldr) oTIg ZuvdvaoTikég Anpompacieg wov peAetéyte eLOUHOVIE VO HEYLOTOTTOL)GOVLE TNV
Kowwwviky Evnpepia, 1 omoia eivar un apvntikn mocotnta. H ovykekpipévn vootpomio propet va
@ovel eEapeTicd XproLn LITO TO TPLoP HEAETNG HNXOVIGHOV e TpoPAéels. Ag Bewpriooupe oG
éyovpe oxedidoel Evav pnyoviopd pe tpoPAéPelg o omoiog metvyaivel otabepr] cuvémela 6T ¢ KoL
evdeXOpEVWG PN paypév evpwoTtia. Eotw topa evag mbovoTikdg pnyaviopog, o 6molog pe mba-
voTtnTa % eKTEAEL TOV GUYKEKPLHEVOL PXOVIOHO pe TPOPAEYELS 1) aAALOG pe mbavoTnTa % eKTeAel
TOV KOAUTEPO PNYOVIGHO Y TO TPOPANpa (oG tolpe pe Adyo mpocéyyiong O(poly(loglogm))). O
GUYKEKPIEVOG TOAVOTIKOG PHNXAVIGHOG emLTUYXAvel GuVETELX § Ko evpwatia O(poly(loglogm)).
To cuykekpLUEVO EMLTLYYXAVEL EK TTPOTNG OYewS Eva oTHAVTLKO {NToOpevo, aAAd otd Tnv GAAn Sev
warvortotel tnv emtBupior pog yior opodn) petofoldr] Tov Adyou mpoceyyicelg Kabidg To caApa peyo-
AOVveL.

Onwg avapépaje Tponyovpéveg, Bo xpnoonotooupe otig tpoonddelég pog tpoPAéfelg pe
TNV Hop@1} SIVUOUATOV TIHGOV p. 2TV TpocTtdbeld pag va emitefodpe oto TpoPfAnpua, Bo evaiid-
OOUE TEOOEPA KPLTH PLO-TTOPAdOXES:

1. ITAnpogopia Tov SLavOCUATOG THOV.
2. AvohoykotnTa.

3. Juvémela.
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4. KA&on pnxaviopov.

H ntAnpogpopia Tov StavOGHATOG TGOV avapépeTol 6TIG LOLOTNTEG TLG OTTOLEG TO SLAVUGHA THOV
tkavorotel. H avadoyikotnta avogépetar oto ebv 1) mpoPAeym Ba eivon otig mporypotikég Tipég 1
Bo amotum@VeL TNV oXEOT) AVAAOYIOG AVAHESA GTNV TLUY EVOG OVTLKELHEVOL Kot vOG dAAov. TéAog
Bo Stakpivoupe TEPLTTMOCELG TTOL HEAETAE UMYX AVIGHODG HOVAXQ YL TNV GLVETELX TOVG (BEATIOTN

TpoPAeYN).

Awaviopata Tipodv

Ag TopOLGLAGOULE TOPA PEPLKODG OPLOHOVG oL omoiol Bo pag eival ypricLHoL 6TV avaivoT
apyotepa. Apxikodg B opicouvpe To avaloylkd SLAVUCHO TIU®OV TO 000 ATOTLTTGVEL TOV AOYO
OVOHES O OTLG THEG 2 OTTOLOVITTTOTE OVTLKELUEVDV.

Opiopog 1.4.1 (avaroyikd Sivuopa Tipodv). Opilovue wg avadoyiko Sidvuvopa Ty p to Siavuope
IOV TPOKVITEL a0 TOV moAAamAaciaoud kdbe aroyyeiov Tov Siaviouarog e e otalbepd ¢, éTo1 doTe
0da ta avrikeipeva j va Adepfdavovy Tyt p; térowx dote p; € (0, 1].

O ovykekpipévog tOmog Staviopartog Tiev Ba ypnoiponondel otnv ocuvéxela e TV oUYKEKPL-
HEVT KAGOT) PIXOVIGHOV:

Opiopog 1.4.2 (Sampling & Multiplying Mechanism). Xtnv ovykekpiuévn kAdon pnyavioudv avijkovv
6ot o1 unyaviouoi ot omoior Aafdvouvy wg eicodo v Sicvuopa Tydv p, vrodoyilovv oe Evar deiyua Twv
rouktdv pa (lowg mpooeyyiotika) Pértiorn Avon oto Seiypa O PT', emidéyovv évav moddandaciaory
d otupova pie v karavour D ket vroloyilovy éva véo Sidvvopa Ty pl = 9L AR P, 70 omoio oTnv

d-|pl
ovvéxeia atlomolovv oe pua Fixed-Price Auction oTovs vToAoITOUEVOUS UK TES.

1.4.2 Additive KAaon

EeKLVapE ato TI oLYKEKPLHEVT) KAGoT kaBdg eivarl idn YyvwoTog o PEATIOTOG U oviopog Yo
avtiv. Oa pedetrioovpe To TPOPANpa Bewpdvtag Twg pog divetal éva BEATIOTO avodoylkd Stivu-
OO TGOV TO 07oio opiletal wg eENg:

Opropog 1.4.3 (Bértioto avaroywkd dikvuopa tipdv). Opilovue éva fédtioro avaloyiko dSidvvoua
npdv p € (0,1]™, yia To omoio 1oyVer 671 3 otabepd ¢, térowr doteVj € M n Ty ¢ - p; va eiven pukpo-
Tepn 1 ion s vymAdtepns aloAdynons Tov avTikewEVvov § kou peyadvtepn amo v devtepn vymAdTepn
aéoAdynon tov avrikeyévov j.

Oa opiloovpe TOP Evay PNYovicpd amd tnv kAdon tev Sampling & Multiplying Mechanism
IOV VoL Prtopel vo a&lomotrjoel tnv ouykekpiévn eicodo. Zvykekpyéva opilovpe tov The Sampling
Mechanism:

Mechanism 2: The Sampling Mechanism

Input: A proportional price vector p

Output: An Allocation A = (A1, ..., A,)

Split bidders randomly with probability % into groups Ny, Na.

Randomly assign N1 and N to Nggmple and Npgs;.

Run a ’virtual’ second price auction for each item j € M only on bidders i € Nggmpie and
output the corresponding Optimal Social Welfare as O PT".

Randomly set d = {64, 8} and define p’ = ?ﬁg‘ﬁ - p-

Run the FPA(Np,st, M ,p’) and output its allocation A = (Ay, ..., A;,) as the final allocation of
the Mechanism.
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H Vmapén g katavopr D dikoohoyeitar otd tnv vpuTNTA OV PITOPOUV VOL £XOUV TAL OV~
Aoyké Srovoopata Tipdv. Edv to apyicd BéAtioto Sibvuopa Tipdv ¢ - p éxel peydho képdog (o
ovykpion pe v Kowvwvikr Evnpepia tng féAtiotng Abong O PT), tote o moAlamiaoiactngd = 64
QPOVTILEL VO VTTO-EKTIUNGOUVHE TIG TIHES OTO TEALKO SLAVUGHA TIHOV, £V €AV TO apyLkO PEATIOTO
diavuopa TGOV ¢ - p éxel pkpd képdog, ToTe 0 MoAAamAaolnoTig d = 8 @povtilel va vmep-
EKTIUNOOUHE TIG TWEG 0TO TeAMKO dravuopa Tipodv. Ta tov pnyoviopd The Sampling Mechanism
atodelkvOOLE TO oLYKEKPLEVO Bedprpar:

Oeopnua 1.4.1. O mbavorixdg unyaviopds The Sampling Mechanism pe eicodo évav fédnioro avalo-
YIK6 Siavuopa Tip@v emiTvyydver atabdepo Adyo mpocéyyions otnv féAdtiotn Kowvwvikr Evpuepia.
, . ) . 2_9
O otafepdg AOYO TPOGEYYLOTG TOV UNYAVIGHOD iva
ToL 6TO AT PEG Kelpevo ko cvykekpLpéva oto Oedpnpa 5.2.1.

. H a6de1én tov Bewpripatog dive-

143 XOS KAd&on

H avéAvon xau to amotéheopa otnv Additive kAdon pog divouv Tig amontobpeveg VIO YECELS
yuoe va Eekivrjoouvpe va Siepevvotpe tnv Submodular kAdon (otnv mpaypatikdétnta v XOS 1) omoia
Vv mepiiAeiet). Xe ovtr] v petdfoon To TPOTO TPAYHA TO 0700 KAAOVHAOTE VO ETTAVAELOAOYT)-
ooupe eivan 1) eloodog mov Ba Bewprjcovpe. Zvykekpléva To TPOPANHA TO 0TOl0 TPOKVITTEL Elvarl
OTL 0T ovykekpLpévn kAdor dev opilovron PéAtioteg Tipég. O dvo evalloktikég Tig omoleg B
aELoAOYoOVE elval LITOGTNPLKTIKEG TIHEG q TOV BEATIOTOUL Stopotpacpol kab®g Kot oL TES p oL
omoieg vtootnpilovv Twv PEATIGTO dtxpolpacpod.

Yrootnpiktukég Tipég

Ot vtoonpuktiég TIHéS Tov PEATIOTOL SLOpOLPAGHOD eival TOAD KOVTA OTIG PEATIOTEG TIHEG
T1g omoieg eidaype otnv Additive kAdon. OL vtooTnPLKTLIKEG TIHES EVOG PEATIGTOL SLapolpacpod edv
neploplotovpe otnv Additive kAdom eivar emakpipag ol peyadvtepeg Suvartég PEATIOTEG TIHEG. Avar-
pevopevo Aoty prtopovpe vo emtAé€oupe Evay pnyaviopd otd tnv kAdon Sampling & Multiplying,
0 omoiog metvyaivel atabepd Adyo mpociyylong av Adfet éva avodoykd SLAVUGHO LITOGTNPLKTL-
KOV TIHOV (Tov BéATioTou Siopotpacpo?). Twa tnv arddelén mopamépmovpe oto Oemdpnpa oTO
ayYALKO Kelpevo.

Oeopnua 1.4.2. Yrdpyer évag unyaviopés s kAdons Sampling & Multiplying Mechanism, o omoiog
orav Aapfaver wg eicodo éva avadoyiké Sidvuoua vTooTNPIKTIKOV TV (Tov PEATIoTOV Siaiolpaciiol),
setvyaivel otabepé Adyo mpooéyyions oe Submodular Xvvdvaotikég Anponpacics.

Or g ol omoieg vtoatnpilouvv évav PéATIOTO Stapolpacpd eival avotnpd o advvayeg ard
TIC OWVTIOTOLYEG VTTOOTNPLKTLKEG LITO TNV évvola OTL elvol HIKPOTEPES TOVS KO emTiong dev Tapov-
owllovv kdmoto katw @paype. Foe vtd To AOYO PITOPOHE VAL KATAOKEVAGOVHE TEPLTTOTELS TOV
TPOPANHOATOG OTLG OTTOLEG HE E100S0 EVaL OVOAOYLKO SLAVUCHX THMV TO 07T0L0 LITOG TN PLlEL TOV PEA-
TLoTO SLapolpacpd, metvyaivovpe avbalpétwg kakr Kowwvikr Evnpepio. Hoapatnpdvtag omd tnv
QAL TIC TG oL oTtoieg vTooTnpilovy évav BéATioTo Sapépiopa xwplg avaroykdTnTa, ahAd mTo-
POUETPOTTOLOVTAG TNV ATOGTAGCT) TOUG KITO TLG AVTIGTOLYEG DITOGTNPLKTIKES WG CPAALN 1) = max €

J

M {Z—; } HITOpODE vor atodeiEovpe To akdAovBo Bedpnpa (610 ayyAkd keipevo Oedopnpa b5.3.9).
Oeopnua 1.4.3. Me eicodo éva Siavvopa Tipdv wov vrootnpiler Tov Pédtioro diopoipacyio, o unya-
viouog Fixed-Price Auction mov ypnoipormoiel autés Tig Tiéc metvyaiver Adyo mpooéyyiong 2n e XOS

Zvvdvaotikés Anuonpacics.
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a-koho Ardvuopa Typov

To ATOTEAEGHATOL TNG TLPOTYOVHEVIG VITOEVOTI TG HOG DITOSELKVOOLY TG X pelalOpaoTe dto-
popetikn elcodo/mAnpogopin yia meputtooelg pe Submodular taikteg. [Ipoteivouvpe yix owtd tov
AbYyo v o€Lomoinomn Tov TapakdTe (AopioTwg 0PLoHEVOL) AVOAOYLKOD SLtVOGHATOS TLHGOV, TO
omoio ovopalouvpe a-kahd SLAVUGH TIHOV.

Oeopnua 1.4.4 (a-kahd avaloytko diavuopa Tov). Opiloupe ws a-KaAd avadoyiko Sikvuopie Ty,
éva Sigvuvopa tipdv p € (0,1])™, yia to omoio vdpyer pua otabepd ¢ TéToir doTE 0 SlapOLPATHOS TOV
TPOKUITEL 07t TOV unyavioud Fixed-Price Auction mmov ypnoipomoiei Tipés c- p va éxer Kowvoviktj Evnuepio
Welfare > % (yiex omoiadtjmote axolovbic twv N moukTdv).

Eme1dn n ovyxekpyévn otkoyévela SLavuopatov Tipov dev éxel dokipaotel otnv Additive ek-
doxn tov mpoPArpatog opeilovpe va mhpe oplopéva Pripata ticw. To mpdTo oNpavTiKd epOTHHL
OV OPELAOVHE VO OUTALVTICOVE ELVOL TTWG pag emnpedlel 1) Tapdpetpog a kobndg Kot Kato TOG0
elvor avaykoio ylo Tov pnyaviopd pog v yvopiler auvtr tnv topbpetpo. Amodetkviboupe To ma-
pokaTw Be®pnpo To 0oio LITOSNA®VEL TG pYaviopol atd tnv kAdorn Sampling & Multiplying
Mechanism 8ev propotv va a€lomotjoovy Tnv TAnpogopia evog a-kaAov avaloytkod StauvOoHTOG
TIHOV GV ayvooUV TANP®G TNV TIUT a.

Oeopnua 1.4.5. Ta orowadtmote karavourj mbavornrag D ko mibavétnta SerypatoAnyiog % OV A0
KoLVoU 0pilovv vav ouykekpuévo unyaviopd s kAdons Sampling & Multiplying, vrdpyovv repirto-
oeig Tov mpoPAuaros T (axdua ko yie Additive ocvvaptijoeis), e ovykekpiuévy otabepd a kou éve
a-kaAé avadoyiko dicvuoua TV p, yie T omoia o Sampling & Multiplying Mechanism amodider Sia-
powpaoyd e avboupétwg pukpr Kowoviki Evnuepia pe mbavérnta 1 — o(1).

Ao 80 ko 610 €Ng Ba emiyelprioovpe vor oXeSLAGOUNE PIXOVIGHODG TTOL atElOTTOLOVY KATTOLO
a-KoAO avaAoyLKO SIAVUOHA TGOV £XOVTAS OHMS TANPY) YVAOOT] YLX TNV TOPAPETPO a. AKOp KoL
avtr 1 eEoupetied oyvpn (kat avakdAovdn) tapadoxn dev pag emTpénel vo TeTOYOVHE TOV GTOXO
pog. To a-kohéd avoloyikd SLovOoPATA TGOV PITOPOVY G€ OPLOPEVES TIEPLITTOCELS VAL ETLTUYXAVOUV
TLG EYYVNOELG TOVG XWPIG oL TTparypaticég Tég (¢ - p) va eivon apretd vYmAég. Avtd cuvemdyetol
oBoyéveleg e KLPLOTEPT) LA CUPTTEPLPOPE Ao TABELOG YOP® ot TaL a-KOAX OVOAOY LKA SLovOoHOT
TGV, SUYKeKpLéva arrodetkvioupie To akdAovBo Bedpnua (arddelén oo Oedpnpa b.3.4):

Ochpnua 1.4.6. Yrndpyer pa okoyéveia a-kaddv Siavvoudrwv tpdv {C - P} térox dote yia éva
OUYKEKPIUEVO SIAVUOLA TV C - P PITTOPOULE VO OPLOOVLE UL OIKOYEVELQ TIEPITITWTEWY TOV TPOPARUATOS
T pe orabepés {c1, ca, €} mov eéaprdvran and v exdorote nepinTwon, Téroles dote ¢ < ¢ < ¢g Kal
yia omowodrjrrote ¢ € (c1, (1 —€)c) U ((1 4 €)c, ca) toyver mwg o pnyaviouds Fixed-Price Auction e
Tiés ¢ - p metuyaiver Siapoipaciots e avbepaitaog ukpd B [Wel fare], émov n tuyaiotnta mpokvnte
povaya otnv akolovlia Twv TauKTOV.

O tpodmog pe Tov omoio aodetkvoovpe avtd To Bedpnpa elval katackevaotikdg. H aotdbeia
1oL tpokUTEL PacileTol kKota kKupiapxo AOYo 6To YeYovdg OTL TO kEPSOG TV a-KAAWDV SLtVUoP&-
TWV TIHOV TTOV eTAEYOUE ELVOL CNHAVTLKA PLKPOTEPO AITO TNV KOLVWOVLKT] EVNUEPLX GTNV GUYKEKPL-
pévT MEPITTOOT TOL TPOPATHALTOG.

Ev téAeL To amotéAeopa oL arodelkVOOUHE elVo TG Yot HIKPO GO YOP® otd TO SLAVUCHX
TIHOV dev ST PoOVTAL OL EYYUNOELS TWV a-KOADV SLAVUGHATOV TH®V. AUTO 68 GLVOVAGHO HE TO
TPONYOUHEVO ATTOTEAECH OKLOtYpoPel TG Tar a-kahd dtaviopata Tipov dev paivovtol va eivol
QPKETT) TANPOPOPLA VIO HXOVIGHOVG TTOL avijkovy otV kAdon Sampling & Multiplying.

TNo va kotavorioovpe kahbTepa TV SOVapn TV a-KAA®V SLUVUOHATOV TGOV, HTOPOVHE VO
e€etdioouvpe Ko dAAovg pnyaviopovg. Epmvevopévor amd pa 1déa tov Dobzinski [[1€6] propoovpe va
XPTOYOTOLGOVHE QUTEG TIG TULES KbvovTag miBavoTikd scale oe Stakpltd XOPo eMAOYDOV, KAl v
AaBovye To e€ng amotédeopa (avalutikd 1) amdSelén oto Oewpnpa b.3.9).
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Oeopnpa 1.4.7. Evav punyaviopués Fixed-Price Auction mov ypnouyiomotel éva a-kaAé avadoyiké did-
VUoLQ TIAV, TOU 0moiov o moldardaciaotiig éxel mpokvyer and pia kartavoury D = D() dmov @) =
O (logm), n omoiax avrAei évav moddamdaciaotyi opoibuoppa and tovg mbavols moAlardaciaotés, me-
tuyaivelr AGyo pocéyyions O (alogm).

Awxtapaxn oto a-kaho Avevoopa Tipodv

Znv npoomdbela va armoUyoupie TIG TaboyEVeleg TOL a-KOAOD SLvOGHATOG THLMOVY VO TO TIpi-
opa g kAdong Sampling & Multiplying, e€etdoape wg dié€odo va emitpéovpe Sratapoyt. Zuyke-
kppéva eEetaoape L Oa oupPel av pag divetat éva a-kahd SIEVUGHA TGV TOL 0TTOLOV OHMG OL TUHEG
av& avTikeipevo éxovv Sobet pukpodtepeg f peyalitepeg kata € (pe Toyato Tpdmo). H cuykekpuuévn
Aoyikr) tpoomafel va emiteBel otV oo TéBEL TNG OLKOYEVELOG TTEPLTTOCEDY TOV KATAOKEVXGULE
yla To TPonyoUHeVo Bewpnpa. AvaTuX®G, aTodelkvOOUpE TO Tapakdtw Be®pnpa to omolo emi Tng
ovoiog kaboTd ta a-kahd dtaviopata Tov pe diatapoyn advvata vo yproipononBoidv oe pr-
xoviopotg Sampling & Multiplying.

Ocopnua 1.4.8. Yrdpyer pia oikoyéveir a-kaddv Siavvoudtov Ty {C - P}, tétox dote yix éva
OUYKEKPYIEVO SIAVUOoUQ TV C - P Kat yi omotodmote otabepou peyéBovg vrepkifio arov ydpo R™ o
0moi0g Exel KEVTPO 10 C- P, PITOPOVLE VO OPICOULE UL OLKOYEVELX TTEPITTTWOTEWY TOV TTpofAnparos L yia Tig
oroieg o unyaviouds Fixed-Price Auction pe tiuéc p' mov avriororyi{ovrar oe kdmoio amd Tovg kdufovg Tov
vrepkUPov meTvyaiver Siapiolpaoiiovs e avbepaitwg pikpd B [Wel fare], dmov n tuyaiotnra mpokvrtel
povaya otnv akolovlia Twv TaIKTOV.

1.4.4 XZOvoyn kar MeAhovtikég Enektaoetg

Svvoyilovtag, otV épevva pag emkevTpwOrkape oe d00 cuykekpLpévoug GEoveg. Meletrioope
TNV TANPOPOPi SLLVUOPUATWV TLUOV €0V LG dIVOVTOL GE OVOAOYLKT] GAAO GUVETH) HOPOT] KL OV
pog ditvovtow o pr avoloyikr) cAAd pe o@dipa poper). lapabéooape Betuicd ko apvntikd awote-
Mopoato kot yux TLg 00 KAt yopied.

H xupiotepn dvokolria mov ogeilovv oL emdpeveg SovAelég v amavtioouy eivar 1) dwoyeipion
SLVLGHATOV TIHGOY TTOV €XOUV HiKpd KEPSOG. Miat GAAT katevBuveoT eivan pa de€lodikr} mpoomdBea
vo € LOAOYTIGOUHE KOADTEPX TOL GTATLOTIKA TTOL PITopolV vo AN@Bodv autd to delypa pog, tdlwg otnv
TEPINTWOT) TWV a-KAADV SLUVUGHATOV TILOV.

Két mov dev Bewprjoope apketd oTIG tpoomdbeleg Hag eLVaL ) YVOGT] TOU GYAMIATOG TV TPO-
PAéYewv 1 kdmora péBodog a€Lordynong tov. Me atAég mPoGapOYEG GE VITAPYOVTEG HIYXAVIGHOUGS
[6] propotpe va methyoLpe ouToTEAECHATA TTOV €N PEGLOVTOL OO TO COAAUX WG GLVAPTNOT TOV
loglog n dedopévov Op®G YVMOONG TOL TPAYRATIKOD SOAAPATOG 7). ZTNV 181 Oedpnon mepthopfi-
vovton kot 1déeg o mpokvTovy ad To [50] 6mov pio viepmapdpetpog v eAéyyel TOGO peydAo
OPAAPOL ETLTPETOVHE GTLG TIHES HOC.

K\elvoupe tnv mopodoo SUTAOHPATLKT e TNV LTTOYPAULOT) TNG Temoibnong mwg to TpoPAnpa
EMLOEYETAL TAPATAV® EPELVAL, 1) OTTOLX PITOPEL VO KOPTLOPOPTGEL LKarvoTtoLn Tk BeTikd amotelé-
opaTa.
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Chapter 2

Introduction

Different forms of auctions naturally arise in every society with economic values. People are in-
terested in solving allocation problems subject to varying objectives. Slight changes to the desired
objective result in big differences in the applied approaches to the problems. The difficulties to over-
come are driven by ideas that intersect computer science and economic theory. On many occasions,
the pursuit of optimality in our solutions concludes in an unstable dynamic, the necessity of select-
ing between objective and strategic guarantees. This is the exact trade-off studied in the field of
Algorithmic Game Theory.

As research and humanity move forward, new ideas and techniques are inevitably born, fueling
yet more research and scientific advance. Thus for people joining the scientific community, there
are always new missions to embark on and methods to follow. Deeply influenced by the meteoric
rise of Machine-learning, Theoretical Computer science has come up with a mathematical modeling
process, that allows it to design, parameterize and analyze algorithms that are augmented with
outside information in the form of black box predictions. The main goal of this thesis is to investigate
the problem of Combinatorial Auctions under the newly born learning augmented framework.

2.1 Motivation

The importance of Combinatorial Auctions can not be understated. They naturally occur in many
situations. One of the most celebrated examples of Combinatorial Auctions is the Spectrum Auc-
tions, a process whereby a government uses an auction system to sell the rights to transmit signals
over specific bands of the electromagnetic spectrum and to assign scarce spectrum resources, that
amass billions of dollars. Combinatorial Auctions have arisen on websites hosting marketplaces, like
eBay, Amazon, and more recently Facebook. Complicated forms of Combinatorial auctions natu-
rally occur on transportation problems (sometimes in a reversed form, where the auctioneer wants
to select from different presented offers, subject to some constraints) and also communication net-
work problems (e.g. dynamic routing protocols).

In general, a Combinatorial Auction is an allocation problem subject to some specific objective
(usually the maximization of the Social Welfare). Bidders participating in the auction have intrinsic
valuation functions which are unknown to the auctioneer. So the problem at hand faces two distinct
challenges, solving a difficult optimization problem and addressing the strategic behavior of the
bidders. As such, Combinatorial Auctions have been studied both as a pure algorithmic problem and
as a game theoretic one. It is well established that there exists a gap between the two approaches,
which of course arises from the game theoretic desire for truthfulness.

This problem has been extensively studied under different objectives, leading to different mech-
anisms and results. Even though it is a fundamental problem in Game Theory and Economics, new
research works with inspired concepts, and answers to its variants arise constantly. The classical
Social Welfare objective has seen many interesting results, both positive and negative. The most
important of the field is the VCG mechanism [47, [13, 27] which however requires solving a difficult
optimization problem, which even for Submodular valuations is NP-hard. As a result, the discussion
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has begun for approximate truthful mechanisms. When investigating approximate mechanisms for
Combinatorial auctions the problem is restricted to some specific valuation functions class, usually
the Submodular class or the Subadditive class.

The VCG mechanism hardness motivates the question of whether we can simply swap the diffi-
cult optimization allocation rule with some approximate polynomial-time rule and get an approxi-
mate truthful mechanism. The answer to this question is unfortunately negative [40] in most cases.
Intuitively this is based on the fact that in the VCG, the mechanism’s and the bidders’ objectives are
aligned and as such if the mechanism’s objective is sub-optimal, we expect bidders to have room
to misreport and increase their value. The only approximate scheme that does in fact maintain
truthfulness is the class of maximal-in-range (MIR) mechanisms. MIR mechanisms however are not
powerful enough to tackle even the Submodular case and admit many negative results and lower
bounds [[18, 11, 41, 45]. In fact, in Submodular Combinatorial Auctions it is proven that all MIR
mechanisms admit a lower bound approximation of Q(m%) [18].

The negative results of the MIR mechanisms have pushed research on Combinatorial auctions
away from the VCG mentality. As a result, many new ideas and frameworks have been further
investigated. The first important idea is that of randomization. Randomized mechanisms are in
fact strictly more powerful than deterministic ones [17]. The second idea, that has pushed research
on the Submodular setting is that of price-learning mechanisms (which can only work if we allow
randomization). The past two decades many works have arisen in this spirit for Submodular Com-

binatorial Auctions [[19, 15, B2, [16, [7, 6] having reached an approximation ratio of O ((log log m)2>

which can not be improved under the existing technical tools. Subadditive Combinatorial Auctions
have seen far less volume of work [20, 15, 6], however their approximation ratio was improved to

(@) ((log log m)3> (on the same work as the Submodular state of the art result).

The sub-logarithmic results we just inspected are improved to constant approximations ratios
in the pure algorithmic aspect of the problem. For the Submodular class, the problem has a simple
greedy 2-approximation algorithm in [34], a tight 1 — é approximation algorithm with value queries
from [48] and an almost tight 1 — % — 1075 approximation algorithm with demand queries. For the
Subadditive class, the problem admits a 2-approximation algorithm that is due to [24]. Whether we
can design a truthful mechanism that achieves a constant approximation ratio is probably the most
important open question in the field.

It seemed inevitable that the theory community would find proper modeling to utilize machine
learning’s recent success. The learning augmented framework has managed to overcome the con-
trast between machine learning’s uncertainty and computer science’s pessimism, allowing theoret-
ical computer scientists to observe classical problems in an enhanced information setting. Truth
be told, the computer science community had already relaxed the worst-case behavior approach, in
specific situations where pessimism was unrealistic. The field of Beyond Worst case analysis [[10, 44]
has officially sprung and has started numerous new fields (one of which is the learning augmented
framework) and has already produced marvelous results.

The learning augmented framework has been so far tailored to the specifics of a handful of prob-
lems (mostly online problems) and is by no means a black box approach. For each problem specif-
ically, the questions that need to be addressed before attempting this framework are "what type of
predictions can be useful for this problem” and "how do we parameterize the error”. Surprisingly on
some problems, different types of predictions have seen theoretical success. Only recently a unify-
ing black-box approach regarding online graph problems with predictions has been initiated by [8].
The objective of this thesis is to investigate how predictions can be implemented in Combinatorial
Auctions.
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2.2 Organization

Before we start discussing our work we need to delve into the recent works in the learning aug-
mented field. As such, in chapter |, we will be presenting a thorough yet short bibliographical
report on the different applications of the learning augmented framework. For the most part, we
will present the type of predictions used for each of the problems, the mathematical definition of the
error functions, and the consistency and robustness guarantees (definitions in chapter ). We will
pay a little more attention to a recent work that has studied the problem of Single Item Maximiza-
tion with predictions [50], because it is in the same family as the Combinatorial Auctions problem.
A short and incomplete list of problems under which the framework has been successfully applied
is (paging, ski rental, scheduling, online graph problems, and facility location). A keen and familiar
observer might locate the fact that most of these problems are online (this of course is not coinci-
dental).

In chapter [ we will take a deeper look into the classical problem of Combinatorial Auctions. We
will present the standard notation used, we will discuss useful properties, limitations, and common
techniques utilized in the problem. We will make a thorough presentation of the importance of the
assumption of specific valuation classes for the problem and decompose the state-of-the-art results
according to the different classes. We will inspect randomization and sampling as one of the most
important tools at our disposal and we will finally briefly discuss the most recent works and results.

Finally, chapter | will constitute our contributions to the problem. We will study the power
and limitations of predictions in the form of price vectors. We will study different types of price
vectors with unique properties, we will observe the effects of error on the predictions and we will
conclude on what price vectors can be of use in specific cases. Finally, we will present our thoughts
and guidelines for future work

2.3 Contributions

We will present here our aggregated results. Using the Sampling & Multiplying Mechanism Class,
we design a mechanism that gets a constant approximation solution when the input vector is optimal
and in a proportional form for the Additive Combinatorial Auctions problem (5.2.1). A mechanism
from the same mechanism class admits a constant approximation ratio solution for the problem
with Submodular valuations when the input of the mechanism is a supporting price vector of the
optimal allocations in a proportional form (5.3.1). For a more general price vector input that we
coin a-good price vector, we prove that Welfare guarantees are not maintained in a multiplicative
neighborhood. We hint at the subject that price vectors for the Submodular class (or more general)
need revenue guarantees in order to get positive results for proportional input. Another negative
result that we prove is that in our mechanism class, proportional a-good price vector is required
to be handed with explicit knowledge of parameter a. Finally, we prove that the a-good price vec-
tor’s weaknesses cannot be overcome using perturbation. When it comes to predictions with error
(instead of proportionality) we show that a commonly used type of auction gets an approximation
that is linear to the prediction error for the Submodular problem, when the price vector supports
the optimal allocation.
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Chapter 3

Learning Augmented Algorithms

The raw computational advancements of the last decades have paved the way for the wide applica-
tions of machine learning algorithms and techniques, thus naturally creating a lot of interest in the
respective research community. Despite the existence of a lot of theoretical work on learning the-
ory and machine learning techniques in general, theoretical computer scientists had some trouble
adjusting to the current trend. The reason for this is the usual nature of machine learning research,
which is usually centered around designing a model that beats the state-of-the-art results on specific
datasets, rather than theoretically proving the superiority of the learning system that is deployed.
Simply put, we desire the use of models that work well in the real world, even though the best model
might not be backed by mathematics.

Computer science, on the other hand, has been based on worst-case analysis through its incep-
tion. We of course desire algorithms to meet our standards in all cases, thus ensuring robustness.
But in many problems, robustness might not be guaranteed and many times it is not even needed.
Worst case analysis can be in some cases too pessimistic. The most celebrated example of this is the
simplex method of solving linear programs.

Linear programs are a commonly used mathematical tool, that is used to model many different
theoretical problems as optimization models. Linear programming is important because it enables
a unifying mathematical approach to many different tasks. Simplex is the method that is most
commonly used to tackle linear problems. It was developed in the 1940s and has been thoroughly
applied in many real-life instances of linear programs, long before the creation of the first computer
system. The simplex method is a simple greedy iterative algorithm. In almost all cases the simplex
method scales gracefully with the increase of the variables of the linear problem. However, Klee and
Minty in [31] designed linear programs that forced the simplex method into exponentially many
iterations, thus proving the exponential nature of the method. In summary, we have an algorithm
that works well in practice even though its theoretical guarantees suggest otherwise. This and
similar situations enabled the creation of the field of Beyond Worst case analysis.

The answer for the contrast regarding the simplex method arises from ”smoothed analysis”
which was introduced in [#6] for exactly this algorithm’s running anomaly. Smoothed analysis
studied the behavior of linear programs that had been exposed to some random perturbation, either
in the objective or in the constraint variables. This was motivated by the fact that linear program
instances that had exponential running time, degraded to polynomial running time if small pertur-
bation was applied, and the perturbed instance had nearly identical results. Smoothed analysis falls
in the midst of worst-case analysis and average case analysis. The resulting smoothed” performance
of the simplex method much better expresses the real-world running time of the algorithm.

A new and exciting chapter in the Beyond worst-case analysis framework was born in 2018 by
the work of Thodoris Lykouris and Sergei Vassilvitskii in [35] and has been since named learning
augmented algorithms or algorithms with predictions. The new-found idea they introduced become
the theoretical viewpoint of all learning augmented algorithms. It can be summarized as follows:
Can we design algorithms that use machine-learned advice as a black box, parameterize their com-
plexity with the error of the input prediction, and achieve theoretical guarantees even in cases where
the prediction admits unbounded error? The key idea in their approach was an adaptation of the
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state-of-the-art algorithm that utilized the prediction on a decision that would have otherwise been
random. Even though their work was based around the problem of page caching, they introduced
the notions of robustness (how well the algorithm performs on bad predictions) and consistency
(how well the algorithm performs on perfect predictions) that have been thoroughly used in most
related work ever since. We now present formal and general definitions for robustness and consis-
tency:

Definition 3.0.1 (consistency). An algorithm with a prediction black box h (-) that observes errorn is
b-consistent for some error function a () if it admits an approximation ratio of O (b), whereb = a (0)

Definition 3.0.2 (robustness). An algorithm with a prediction black box h (-) that observes error ) is

a-robust for some error function a (n) if it admits an approximation ratio of O | max a (1)
7

Robustness and consistency are critical notions in learning augmented theory. In most cases,
we are interested in the intersection of the two, namely the curve observed on the approximation
ratio when the error of the prediction 7 degrades from 0 to some upper bound or infinity.

One of the most important parts of designing an algorithm with predictions is selecting what
type of prediction you want to use in your model. As we will be shortly presenting, different types of
predictions have been applied to different problems with great success. Strangely enough, on some
problems, different types of predictions have arisen, with results that cannot be easily compared. In
the next subsection, we will try to categorize and present the types of predictions that have been
successfully applied.

3.1 Notions of Predictions

In the following bibliographical report, we will be presenting the different notions of predictions that
have been successfully used in recent works. Notice that the greatest portion of the problems that
have seen successful applications of the learning augmented framework are online problems. The
(non-quantifiable) amount of information the predictions offer will be the basis of our categorization
and we will be presenting the categories in incremental order (in regards to the information they
offer to the algorithm). Different works use the same type of predictions when working on the same
problem, with few exceptions. Our interest in this section lies predominantly in observing 3 things
in learning augmented algorithms, i) the robustness and the consistency, ii) the trade-off between
them (if and when it is possible to be quantified) and iii) the definition of the error of the prediction.

3.1.1 The Optimal Information as a Prediction

In this subsection, we will be observing results that use some kind of prediction that doesn’t exactly
match the parameters of the problem at hand (neither on the constraints, nor on the output), but
instead captures the information required to design the optimal algorithm for the problem. In this
sense, whenever the prediction is perfect, the resulting algorithm should be optimal. Such is the
prediction used in [35] for the problem of paging - online caching. We will now present results,
mostly grouping them based on the studied problem.

For the vanilla version of the Paging problem the prediction, that [35] used models the next
arrival of each element. Evicting the page whose next request is farthest is also known as Belady’s
rule and is the optimal strategy for this problem. The error for this prediction is defined to be the
Li norm meaning ) = . (y; — h(x;)), where y; is the ground truth and h(z;) is the prediction. We

7
have already discussed the ideas of this work, so we will now briefly present the extensions that have
since arisen. In [43] the author improves on the approximation ratio and namely the dependency on
op using similar algorithmic ideas and also presents a lower bound on any caching algorithm with
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this type of predictions. Later on in [49] attention is turned to a technique that is not robust but with
the correct framework, the non-robust algorithm can be coupled with some standard algorithm (e.g.
the marker algorithm) and achieve a better competitive ratio when the error is small. The author
proves consistency-robustness trade-offs for both deterministic and randomized algorithms as well
as a lower bound for learning augmented algorithms with this type of predictions.

The Weighted Paging problem has been studied under the learning augmented framework in
[29], where the authors inspected the previous works and concluded negative results (for both de-
terministic and randomized algorithms) for the algorithms used in the unweighted setting and they
proved the existence of a deterministic 2-competitive algorithm with enhanced information (perfect
prediction).

In [5] the Secretary problem is studied and the authors prove for their deterministic algorithm
a robustness-consistency trade-off guarantee using two hyperparameters A,c (A captures the con-
fidence on the prediction while ¢ bound how much the algorithm loses on worst cases). The pre-
diction estimates the optimal information for the problem which is the maximum value over all
arriving secretaries, while the error is again the L; norm. In the same work, they also study the
problem of Bipartite Matching with Vertex Arrivals, where they propose a deterministic algorithm
that takes as input a prediction of the edge-weights for nodes of the static (non-online) side of the
problem (notice again that this information is optimal). They define the error as the Lo, over all
errors and then prove again a robustness-consistency trade-off using three hyperparameters A,c,d.
With small prediction error, their algorithm converges to a competitive ratio of % which is proven
to be the best a deterministic algorithm can achieve. Finally, in the same work, the authors augment
the Graphic Matroid Secretary problem with a prediction vector that captures an estimate of the
maximum edge-weight that every node i is adjacent to. The error used again is the L, over all
errors. They prove for their deterministic algorithm a robustness-consistency trade-off using three
hyperparameters A,c,d.

This work [38] focuses on Online Job Scheduling for m machines with a min-max objective
(minimize the makespan). The proposed learning augmented algorithm assigns predicted weights
that will be used for fractional assignments (it is already proven in [2] that optimal weights result
in a near-optimal solution). In the execution of the algorithm, these weights are updated in order
to converge into 2-approximate optimal weights. The error is defined as the L, of the ratio of the
predicted weight over the actual weight. The authors prove a trade-off function of the error that
captures the consistency and robustness of their algorithm.

For Non-clairvoyant Job Scheduling with one machine, work [42] designs an algorithm that
uses the estimated processing times of each job as predictions. The error is defined as the L; norm.
The proposed algorithm is composed of the parallel execution of two different algorithms. One is the
Round-Robin that yields the best possible approximation ratio and doesn’t make use of the prediction
and the other is the optimal algorithm (when the processing times of each job are known) that uses
the predictions instead. Again the trade-off between robustness and consistency is parameterized
by a hyperparameter A.

The Ski Rental problem is studied in [42] as well, where the input prediction used is an estimate
of the (unknown) number of days which is obviously the optimal information for the problem. The
error is defined using the L; norm. A hyperparameter A is used to express confidence in the predic-
tion. Their results include a deterministic and a randomized scheme with an analytical presentation
of the robustness and consistency trade-off.

3.1.2 Prediction in the Form of Advise

Predictions in the form of advice are yet to be applied to many problems. However, the following
work introduces a lot of interesting techniques and has been influential in the field. In [9] is pre-
sented an enhanced version of the already established Primal-Dual technique (for online problems)
that utilizes predictions in the form of advice. The authors coin this technique as the Primal-Dual
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Learning Augmented technique (PDLA). They apply this framework to many covering problems,
namely the Weighted Set Cover problem, the Ski Rental problem, the Bahncard problem, and the
Dynamic TCP Acknowledgement problem. For the Ski Rental, they retrieve the same guarantees as
in [42] and they prove that the consistency-robustness trade-off is optimal. The Bahncard problem
is a generalization of the Ski Rental problem, for which the PDLA framework can also be applied. It
is important to note that the PDLA technique uses a hyperparameter A that expresses the confidence
in the prediction.

3.1.3 Offline Prediction of the Online Input

This work [8] introduces a powerful framework that can be applied to Online Graph Problems cou-
pled with a few interesting ideas. Their framework combines online and offline algorithms with the
correct type of predictions and can be applied in a black box fashion as long as certain technical
guarantees are met. The authors present a more generalized notion of prediction error that is well
suited for graph problems. They use their framework on several classical graph problems (Steiner
tree, facility location, etc.) and prove tight bounds for the resulting competitive ratios. The gener-
ality and black-box behavior of their framework inspires research on several relative problems and
thus deserves a small summary. We will first inspect the prerequisite properties for the framework:

e Property A: The online algorithm ON to be used needs to be "subset-competitive”. This means
that if the online algorithm admits a competitive ratio of f{(|R|) (R being the number of requests)
then for every request subset R* C R we have:

ON(R) < O(f(IR])) - OPT
where ON (R') denotes the total cost incurred by the algorithm in serving the requests of R’

e Property B: The offline algorithm should be a (constant) y-approximation algorithm for the
“prize-collecting” offline problem. In the offline prize-collecting problem, each request in R
has a penalty given by 7 : R — R™. A solution is a subset of elements S C S that minimizes
the objective ¢(S) + >, g 7(r), where R’ C R is the set of requests not satisfied by S.

Before we present the framework, we will shortly discuss the high-level ideas of the procedure.
First of all, it is desired that the framework converges to the offline algorithm part of the procedure
when the prediction is somewhat accurate or converges to the classic online algorithm that ignores
the predictions when the predictions are way off. In the actual framework, that materializes as
alternating executions of the offline and the online algorithm. We will now sketch the framework
into a few short steps:

1. While maintaining the cost of the solution B so far:

2. (a) Receive the next real request  and serve it using the online algorithm ON.

(b) When the total cost of the solution doubles, run the offline algorithm on the predictions of
the requests Ry, and select the offline solution that satisfies as many requests as possible,
while also maintaining budget O(B).

The characterization of the error for this framework is dual, using parameters A, . The authors
coin the error parameters of the prediction metric error with outliers”. A captures the number of
predicted requests that are outliers, meaning they are predictions that are way off and should not
be considered in the execution of the framework. D is the distance between some predicted request
and any actual request. A and D are hyperparameters that produce a Pareto Frontier and can be
selected before the execution of the framework. The framework with offline and online algorithms
that satisfy Properties A, and B results in an algorithm ALG with the following guarantee:
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ALG < O(log A) - OPT + O(D)

The authors applied their framework to the learning augmented versions of the following prob-
lems: the Online Steiner Tree, the Online Steiner Forest, the Online Facility Location and the
Online Capacitated Facility Location. In conclusion, In order to apply this framework to other
learning augmented graph problems, one needs only to design an online algorithm satisfying prop-
erty A and an offline algorithm satisfying property B.

3.1.4 Predictions in a Strategical Setting
Facility Location with Predictions

The authors of [28] augment the problem of Online Facility Location with predictions in the form
of a predicted location for the optimal facility for every agent (when they arrive). Their proposed
mechanism upon the arrival of each demand point, runs the steps of Meyerson’s algorithm [36]
and then runs a new procedure to open additional facilities that are “near” the prediction. In their
analysis, the error is defined based on the L, norm. The authors prove a consistency-robustness
trade-off function of the error, as well as a lower bound for any algorithm even when the error is
constant.

An independent work on the problem of Online Facility Location [25] works with the same
type of predictions but proposes a different mechanism for the problem. The main idea of their
mechanism is the rule of opening a facility at a predicted location with probability proportional to
the distance of the predicted location to the nearest open facility. The authors prove their mechanism
to be 2 consistent, while also providing an explicit consistency-robustness trade-off function of the
error (the error is defined in regards to both L and L.). Finally, they present a matching lower
bound for mechanisms for the Online Facility Location with the same type of predictions.

The Online Facility Location problem has also been studied under this framework in [4]. Com-
pared to the two works we previously stated, the authors design a mechanism for the problem using
a different predictions setting. The prediction comes in the form of a family of sets, where each set
is a potential solution to the problem. They too provide a robustness-consistency trade-off function.

Rounding up the problems in this category, there has been some work on the offline Facility Lo-
cation problem. To be more specific, [[l] studies the classical problem of Facility Location for both
Egalitarian and Utilitarian social cost objectives. The prediction used in their mechanisms is an es-
timate of the optimal solution for the problem, i.e. the optimal facility location for the task at hand.
For the Egalitarian objective on the line, the authors present a deterministic mechanism that has
1-consistency and 2-robustness (the 2-robustness matches the optimal approximation ratio possible
for the problem). For the same objective on R?, their proposed deterministic mechanism achieves
1-consistency and (1 4 v/2)-robustness which is not optimal (the optimal mechanism without pre-
dictions is a 2-approximation). However, the authors of this work prove, that every mechanism with
this type of prediction with consistency better than the 2 (i.e. 2 — €) will have no better robustness
than 1 4 /2. For the Utilitarian objective on R?, their proposed mechanism is equipped with a
parameter of confidence c. The resulting robustness-consistency trade-off function (of ¢) is optimal,
in the sense that it captures the Pareto frontier of the problem.

Single Item Revenue Maximization with Predictions

In this subsection, we will focus on recent work on auctions with predictions, which strongly re-
late to our work’s objective. For this reason, we will dive a little bit deeper into the analysis and
presentation of this work.

Study [50] initiates a systematic approach for mechanism design with predictions. The authors
discuss ideas and techniques that enable the use of predictions on problems with strategic behav-
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ior, specifically for Single Item Revenue Maximization, for Frugal Path Auction, for Truthful Job
Scheduling, and for Two-Facility Game on the Line. They strongly suggest that augmenting mecha-
nism design with predictions poses more restrictions than the design of learning augmented online
algorithms. The reason for this is that learning augmented online algorithms usually switches be-
tween the offline algorithms with predictions and the online algorithms without predictions, accord-
ing to the observed prediction error so far. In a strategic environment, a similar framework could
incentivize the players to participate in a way that encourages the execution of the online or the
offline part of the framework, according to their own personal goals. The authors suggest that this
unwanted behavior is closely related to the necessity of the monotone property for the allocation
algorithm that is required in all mechanism design schemes and can be overcome if the prediction
is incorporated as a whole mapping in order to satisfy the monotone property.

We will now thoroughly present their contributions to the Single Item Revenue Maximization
problem, which is closely related to our work. The problem considers one non-divisible item to be
sold to one out of n bidders. Each bidder i values the item v; € [1, h] and will bid for the item with
bid b; € [1,h]. Each bidder has a quasi-linear utility function u; = x; - v; — p;, where p; is the
payment and z; is 1 if bidder 7 gets the item and otherwise 0. The objective in this auction is for the
auctioneer to maximize the selling price p; and the benchmark is the highest private value, meaning
OPT = rrée}\); v;. For this problem, the authors equip the auctioneer with a prediction vector V=

(2
{0 }ien for the private values of all bidders. The prediction error is defined as 7 = max {ZZ, ZZ}
1 1

It is already proven for the traditional setting of this problem that no deterministic truthful
mechanism has an approximation ratio better than A [26]. The authors propose a simple mechanism
for the problem that guarantees 1 consistency and h robustness (which matches the traditional
bound). That mechanism simply orders bidders decreasingly according to their predicted values.
The mechanisms accept the first bidder’s bid b; if b; > 07 and otherwise accept the highest bid and
sets payment for the corresponding threshold bid. If 7 = 1 then the mechanism correctly allocates
the item to bidder 1 who pays exactly her valuation b; = v; = 913 = O PT (the mechanism allocation
rule is monotone and thus bidders bid truthfully). If n = 1 + € we can select b = v1 < 01 and
select all other bidders to have v; = b; = 1, then the resulting allocation will place the item to some
bidder ¢ # 1 with payment 1, which results to an at most h approximation ratio for the mechanism.
Even though the guarantees of this mechanism are good, the approximation ratio degrades in an
undesirable manner, even with minimum error. To capture this, the authors of this work proposed
the notion of error tolerance, which measures how much prediction error the mechanism tolerates
while maintaining a good approximation ratio. If we enhance the afOfementioned mechanism with

a parameter vy and change the acceptance rule for bidder 1 to b; > ! then for small error n <

the mechanism approximation ratio degrades gracefully (with a rate (’)yf n).
Their proposed mechanism incorporates this idea and their final mechanism is the following:
The allocation rule of this auction is monotone and thus the Mechanism is truthful. It can also
be argued that this mechanism has an approximation ratio of at most h. This is trivial as long as it

is proved that in all cases the threshold price 6(j) is at least 1. Since 6(i) = b;, for some j # i, and
for all bidders in S, b; > br (), it holds that (i) > br(i). However br(i) > 1 and also OPT < h.

PT
Thus 0(i) > 1 > O

We can now inspect the authors’ main contribution to the problem. They proved that Single-
Item Auction with Predictions mechanism admits an approximation ratio of at most min { f(n), h}
where:

and so the at most h approximation claim holds.

T ifn <~

= h
J) max {v2772, 7727} ifn >~

We will now briefly discuss the case analysis used to prove this theorem. We have already
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Mechanism 1: Single-Item Auction with Predictions

Input: The prediction vector V, the bids, and a parameter .
Output: The winning bidder and the payment.
Re-index bidders in decreasing order of their predicted value v;. Assign a bar br(i) = 1 to each

bidder i € N.

v
if Vi € N, v; > — then

br(1) < max {1}17 1}.
Y
else

br(i) + max {1}1’ 1}.
y

0 0
Vi € N with 0; > —;, set br(i) < max{;,l}.
Y v

end

Define the set S := {i € N|b; > br(i)}.

Return as the winner, the bidder j € S with the highest bid, and as payment the threshold bid
0(5)-

discussed the h approximation in the min{-,-} term. The analysis is decomposed into two cases
corresponding to functions f piecewise components. So:

e If n < v it can be proven that bidder 1 is always placed in set .S. This guarantees however
that the winner of the auction gets the item at a threshold price that is at least br(1). If we
select bidder’s k valuation as the optimal payment we get that:

‘@>

ngmmzlzizﬁzgz
YT mm

2

e if » > ~ the property of by > br(1) doesn’t necessarily hold. If it did then the previous
analysis would hold for this case as well. As such, the attention is turned to scenarios where
by < br(1). In these scenarios, in line with the mechanism, there exist two distinct cases:

0
1. Vi e N,v; > —; If that is the case then it can be proven that for all pairs z,y € N that
v

19 1 OPT
Yo > —275—35 > = which implies that v, > 55 for every © € N. This means that:
Vy N0y N Yn
OPT
PAY > 55
YN

D D
2. e N,y < —é In this case, we need to define the groups A := {z > 1]0; > ;} and
Y v

B := {z > 10; < Ué} It can be proven that in the case of A NS # () the payment is
Y

PAY > 07129777” whereas if ANS = () then the optimal solution is bounded by O PT' < %

Combining the analysis for this case and given that there is no way to quantify whenever one

h
of the cases holds we get for > ~y an approximation ratio of max < v2n?, —Z }
Y

The authors finish off their preoccupation with this problem with an impossibility result, that
states that any deterministic truthful mechanism with a consistency ratio v has an approximation
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ratio of at least % when 1 > ~. This highlights their results greatly, in the sense that for any

v < h%, f(n) is close to the ratio of 2. Regarding the optimality of the mechanism when 1 < =,
they prove that if the error is uniformly distributed between [1, 7] then the approximation ratio of
any deterministic truthful mechanism with consistency ratio + is at least w

the expected ratio of their proposed mechanism.

, which is exactly

In this work, the authors also touch upon the problems of Frugal Path Auction, Truthful Job
Scheduling, and Two-Facility Game on a Line. On the Frugal Path Auction and the Truthful Job
Scheduling for makespan minimization they devise mechanisms that take as input prediction a vec-
tor of the predicted costs of each edge and a vector of the predicted processing times respectively,
they similarly define the error to the previous problem and provide a well-defined approximation
ratio as a function of v, n. Finally, for the Two-Facility Game on a Line, the prediction used is the
estimated location of each player, and the authors prove consistency and robustness guarantees
without specifying how different magnitudes of error in the prediction influence the approximation
ratio.
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Chapter 4

Mechanisms for Combinatorial Auctions

This chapter will focus on previous works on the problem of Welfare maximization in Combinatorial
Auctions. For this purpose, we will first formally define the problem and explain some key game
theoretic and auction-specific notions. Afterward, we will briefly present the ideas and mechanisms
used in the latest works for this problem. Large sections of this chapter have been inspired and are
following the book ”Algorithmic Game Theory” by Noam Nisan and Tim Roughgarden [3].

4.1 Problem Description and Preliminaries

In auctions, the usual format is that the auctioneer desires the use of a systematic rule that allocates
the auctioned items to the bidders. The choice of the mechanism to be used depends on both the
objective of the auctioneer and the desired qualities of the procedure. In some situations the auc-
tioneer is interested in maximizing her own profit, on others she wants to maximize the minimum
value obtained by the auction for any bidder and in others, she wants to make the entirety of the
bidders (as a whole) as happy as possible and thus maximize the Social Welfare. Naturally, when
analyzing the problem it is of great importance to foremost decide on the objective. In this thesis,
we will solely be working on the Social Welfare maximization aspect of Combinatorial Auctions.

Formally the problem can be described as the task of allocating a set M of m indivisible items
to a set N of n bidders. Each bidder ¢ has a valuation function v; (-) that maps any subset of items
S C 2M to a real number v;(S) and describes exactly how much value bidder i derives from getting
the item set S. By denoting the resulting allocation of some mechanism as A = (A1, Ao, ..., A,,) we
can define the Social Welfare of the allocation as ) v; (A4;).

1€EN

In order to handle the strategic behaviours of the bidders, mechanisms for auctions enforce
some kind of payment scheme, with the most usual form being a price vector p = (p1,p2, ..., Pm)
for individual items. We will be using later on [p| = >, ,, p;. With the use of the price vector p
we can define the utility function for every bidder ¢ as the function that maps any subset of items
S C 2M to a real number u;(S) = v;(S) — >_jes Pj- Abusing the notation a little bit we will be
using from now on p () = > ;c¢p; and thus u;(S) = v;(S) — p(S). Finally, given a specific
allocation A with payments p we can define the revenue of the auction as Rev(A) = Y > p;.

iEN jEA;
Using the definitions of the revenue of an auction and the utility of the bidders we can rewrité Social
Welfare as Welfare = Y v (4;) = > wi (4) — > pj = > (ui (4;)) + Rev(A).
1EN ieEN JEA; €N

Game theory problems extend algorithmic ones in the sense that they allow strategic inten-
tions to bidders, who can misreport their personal information in an attempt to maliciously lead the
mechanism to an outcome that better facilitates them. The ability to misreport makes it difficult to
analyze and predict the outcome of the mechanism regarding the final objective and for this reason,
we design mechanisms that discourage bidders from diverging from their true valuations.

Definition 4.1.1 (deterministic truthfulness). A mechanism is truthful iff for every bidder i, revealing
their true valuation v; (-) is a dominant strategy (maximizes their utility u; (-)).
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Due to the nature of Combinatorial Auctions, it is in some cases required to include some ran-
domness in the mechanism in order to simultaneously handle conflicting instances. For this reason,
we need to redefine the notion of truthfulness in randomized mechanisms. This yields the following
two definitions:

Definition 4.1.2 (truthfulness in expectation). A randomized mechanism is truthful in expectation iff
for every bidder i, revealing their true valuation results in maximizing their expected profit.

Definition 4.1.3 (universal truthfulness). A randomized mechanism is universally truthful iff it con-
sists of a probability distribution over deterministic truthful mechanisms.

Universal truthfulness is a strictly greater guarantee than truthfulness in expectation (proven
in [[19]) and is the benchmark for most randomized mechanisms. Truthfulness in expectation can
be used in environments where bidders are risk neutral and do not have access to the mechanism’s
randomness realization when they are revealing information.

In all auctions, mechanisms are designed with three important and desirable properties in mind:

1. Incentive guarantees for bidders.
2. Performance guarantees.

3. Computational efficiency.

The first property is equivalent to designing truthful mechanisms. The second property trans-
lates to the need for theoretical guarantees for the desired objective, given that bidders acted in a
truthful manner (in our case guarantees regarding the maximization of the Social Welfare). The
third property demands that we can implement the mechanisms steps in polynomial time regarding
n,m.

In most auction formats and environments it is impossible to tightly ensure all three of these
properties. In Game Theory property 1 is always needed, and that drives us towards a trade-off
between the Performance guarantees and the Computational efficiency of the resulting mechanism.

It is important to mention here the single item auction problem and the optimal mechanism that
does actually achieve all three properties simultaneously. Proposed by Vickrey in [47], the so-called
“second-price” auction requests all bidders to reveal their valuations to the mechanism, assigns the
item to the highest valuation bidder, and charges him a price equal to the valuation of the second
highest bidder. This mechanism is of course computationally efficient running in O (n) time and
maximizes the Social Welfare since the bidder who wants the item the most gets it. The truthful
nature of the mechanism might not be as obvious, but can be easily proven with case analysis on
the outcomes of misreporting when overbidding or underbidding.

Things, however, get a lot more complicated when one tries to auction off many items. Through
economic theory has arisen the answer to the most general form of Combinatorial Auctions, a truth-
ful mechanism that guarantees the optimal solution to the problem (and that in some cases is hinted
[B3] to be the only mechanism that can achieve this task). This mechanism is the celebrated VCG
(13, 27, 47]. The problem with VCG is that in many cases it needs to optimize over an NP-hard opti-
mization task and is thus intractable. The Vickrey auction is the realization of the VCG mechanism
for a single item.

Closely related to VCG are the maximal-in-range (MIR) allocation rules, that commit to a subset
of feasible allocations before receiving the players bids. It has been proven that MIR rules can be
turned into deterministic truthful mechanisms using VCG-like payments. MIR rules can be of use
whenever we can select a range that is large enough such that the solution for that range results in
a good approximation, while also being small enough in order to be able to optimize on that range
on polynomial time. The polynomial running time does not hold even for modest approximation
requirements. MIR lower bounds for many Combinatorial Auction settings can be found in []18,
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11, 41, 45]. To overcome the limitations of MIR allocation rules, maximal-in-distributional-range
allocation rules arose (MDIR). The MDIR allocation rules probabilistically select the range over a
distribution, making them strictly more powerful than MIR rules.

4.1.1 Valuation Functions

The existence of individual and private valuation functions for bidders is an aspect that deeply com-
plicates mechanism design for Combinatorial Auctions. The first important question that needs to
be addressed when handling valuation functions is how exactly we access them. Since these func-
tions map the powerset of M to real numbers, the information that they pack can be exponential in
size (concerning the number of items m). In Combinatorial Auctions there exist exactly two types
of queries that grant us access to the valuation functions.

Definition 4.1.4 (demand queries). With demand queries bidder i is presented with a price vector p
and is requested to output his utility maximizing subset S’ subject to these item prices:

S" = argmax {u; (S)} = argmax {v; (S) — p(S)}
ScoM ScoM

Definition 4.1.5 (value queries). With value queries bidder i is presented with a bundle of items S’
and is requested to output his valuation of the bundle, v; (S’).

Both these types of queries have been successfully applied to mechanisms for Combinatorial
Auctions. From the designer’s perspective, demand queries are easier to handle and more expressive
but they do also require some carefully selected price vector p.

For the bidders, it is usually more convenient to handle value queries, since they do not demand
any comparisons. From a theoretical viewpoint, it is usually computationally challenging for the
bidders to answer demand queries (for bidders with complicated valuation functions it can even be
computationally intractable). In a lot of realistic situations, however, bidders (humans) do not have
well-defined valuation functions but rather have a general ability to evaluate bundles and answer
either demand or value queries.

Value queries are strictly less powerful than demand queries. Value queries can be simulated
using mt demand queries, where ¢ is the number of bits of precision in the representation of a bun-
dle’s value. Simulating demand queries may in some cases require an exponential number of value
queries. Proofs for these statements can be found in [3]. A characteristic result that emphasizes the
gap between access to demand queries and access to value queries is a result in [45] stating that
any universally truthful mechanism for Combinatorial Auctions with Submodular bidders (defini-
tion later on) with an approximation ratio of ma—¢ using only value queries, requires the use of
exponentially many value queries- however there are a lot of universally truthful mechanisms using
demand queries that achieve sub-logarithmic approximation ratios [16, 7, 6].

All valuations functions assume two common and realistic properties:

1. Normalization: v; () = 0,Vi € N.

2. Monotonicity: v; (S) < v; (T),VS CT C M and Vi € N.

These two properties are sometimes referenced as “free disposal”. Notice that normalization also
implies "no externalities”, meaning that bidder ¢ is only interested in her own allocated bundle A;
and doesn’t concern herself with what other bidders i’ were allocated. Closely related to these two
properties is also the assumption that bidders have “quasi-linear” utility (as described above) and
will never bid on bundles S for which they observe negative utility, u; (S) < 0.

Valuation functions are set functions and thus can be categorized into set function classes. The
most studied classes in auction design are:
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e Additive: v(S)+v(T)=v(SUT)+v(SNT)VS, T C M.
e Submodular: v(S)+v(T)>v(SUT)+v(SNT)VS, T C M.
e Subadditive: v(S)+v(T)=v(SUT)VS, T C M.

e Unit demand: v(S) = max v {7} VS C M.
jE

e XOS: v; (S) = max ag ) (S) VS C M, with a; ) being [ Additive functions.
e Gross-Substitutes: Informally, when the price of some item j increases, the demand for other
items j’ does not decrease.

Restricting the problem to some specific valuation functions class allows for more careful anal-
ysis of the problem and thus the design of mechanisms that are “optimally” adapted. As such, for
every valuation class there exist some unique state-of-the-art mechanisms that yield different ap-
proximation ratios. We will now discuss in detail the valuation classes and the approximation ratios
that they admit.

A valuation function v; () in the Additive class can be described using exactly m parameters
(vi ({1}),v; ({2}),...,v; ({m})). Essentially each item is valued independently from others and the
valuation of a set of items S can be written as v; () = ;s vi ({J}). There exists a truthful, op-
timal, and computationally efficient mechanism for Combinatorial Auctions with bidders equipped
with Additive valuation functions. This mechanism is exactly m Vickrey auctions, one for each item
in M.

A valuation v; () in the Unit demand class can be described with exactly m parameters as well, as
it can be easily observed by its mathematical definition. The underlying algorithmic problem when
bidders are unit demand is the bipartite matching problem. It can be again proven that we can design
a mechanism for auctions with unit-demand bidders that is truthful, optimal, and computationally
efficient. In reality, in this valuation class, we can implement the VCG auction in polynomial time
with a realistic and practical mechanism.

The Gross-Substitutes valuation class begins the unraveling of open research questions. Com-
binatorial Auctions with such bidders can still be implemented with the 3 desired properties, but
the resulting mechanism uses the Ellipsoid method and as a result, the computational efficiency is
guaranteed but the resulting mechanism is impractical.

The problem of Combinatorial Auctions with Submodular bidders is the first one where we do
not have an optimal mechanism. As such we are interested in designing truthful and polynomially
implementable mechanisms with good approximation ratios. while Furthermore there does not exist
(yet) a constant factor approximation mechanism for the problem. The Submodular functions are
the discrete version of concave functions. They have many different and equivalent mathematical
definitions. The one that captures the relations to concave functions and the *diminishing returns”
property is the following:

VS, T C M with S C T andVx € (M \ s) wehave v (SU{z}) —v(S) > v (TU{z}) —v(T)

Usually, when we are interested in problems with Submodular bidders, we tackle the same
problem for XOS bidders. Although the two classes are not the same (Submodular C XOS), the
XOS class holds some properties that can be of great use in the analysis and design. This class
is sometimes referred to as “Fractionally subadditive” and can be mathematically defined in a dif-
ferent and more complex way (in regards to a linear program), that is however not of much use
in Combinatorial Auctions mechanism design. The state of the are result for this valuation func-

tion class is an O ((log log m)2) approximation result in [6]. Previous important works include

46



an O ((log log m)‘g) by partially the same research team in [[7], an O (\/@) in [16] and an
O (logm) in [32].

Finally, there exist a few approximate mechanisms for Combinatorial auctions with Subadditive
bidders. The latest and most important one is the [f] , which we referenced for Submodular auctions
as well, that admits an O ((log log m)g) approximation ratio for Subadditive bidders. The work that

paved the way for the latest results was [22], which provided the existence of some intriguing price
vectors. We will further investigate the results for Submodular and Subadditive bidders in the next
section.

Subadditive

Submodular

Gross Substitutes

Unit

Additive Demand

Figure 4.1: Set function classes

In concluding the presentation of the valuation function classes we will now clearly discuss the
relations between the classes. The Additive class and Unit demand class stand as the smaller classes
in the hierarchy. It is important to note that the two classes are disjoint (as long as m > 1 of course).
Following on in the hierarchy is the Gross-Substitutes class which includes the Additive and the Unit
demand class and is strictly greater. From then on all classes are strictly greater than their previous
one. The class that includes all valuation functions is usually referred to as the General (unrestricted)
valuations class. The complete ordering of the valuation function classes can be seen on figure f.1
and is the following:

(Additive, Unit-Demand) C Gross-Substitutes C Submodular C XOS C Subadditive C General

We have yet to discuss the gap between truthful mechanisms and non-truthful algorithms for
the problem of Combinatorial Auctions. For Submodular valuations Vondrak’s continuous greedy
algorithm [48] achievesan 1— % approximation ratio using (polynomially many) value queries which
is tight [30, 37]. With demand queries it is possible to get an approximation ratio of 1 — é — 10
[24] while the respective lower bound is 24-1 due to [21]. For Subadditive valuations, there is a

2e
2-approximation algorithm presented in [23].

4.1.2 Sampling and Randomization

In many scenarios in the field of Algorithmic Game Theory, we are handling problems that are sub-
ject to unbounded parameters that critically determine the instance of a problem. In such cases,
Mechanisms oblivious to any information of the participating bidders seem too restrictive. On the
other hand, as discussed before, we cannot carelessly query bidders, thus allowing them to exploit
the procedure for their own personal gain. As a result, we need to introduce some tool, that allows
us to carefully draw information from the bidders in a truthful manner. This usually leads either to
prior distribution assumptions or to some sampling scheme. In real-world recurring applications,
sampling is usually superseded by prior distribution knowledge (which can be estimated using his-
torical data). In theory, sampling is a more general technique and as a result is usually preferred,
due to its unassuming nature.
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Sampling procedures are usually simple and powerful. If the correct criteria are met, sampling
procedures can critically enhance our ability to analyze and “attack” a problem. The work [26] is a
celebrated example of a successful sampling scheme that captures the general underlying idea. The
authors of this work, proposed the random sampling optimal price auction (RSOP), for the problem
of auctioning digital goods. The basis of their sampling technique was the following:

1. Randomly split bidders into groups A, B.
2. Calculate the monopoly price for group A and post it on group B.

3. Calculate the monopoly price for group B and post it on group A.

This procedure is in fact truthful, the reason being that when calculating the monopoly price
within a group, no bidder has an incentive to lie, given that the information that she provides will
only be used on the price posted on the other group. This work inspired the field in a meaningful
way and for this reason, the authors received the EC 2021 Test of Time Award for this work of theirs.

The way we split the bidders into groups is important to our analysis. Suppose that we want to
split bidders into two groups of equal size. The most natural idea would be to randomly assign each
bidder to any of the final groups, until one of them reaches the desired cardinality, and then place the
remainder bidders on the other set. This way of sampling introduces statistical correlations between
bidders which we cannot (easily) pair with concentration bounds (Chernoff-Hoeffding, etc.). The
easiest fix is to place each bidder independently in any of the groups with uniform probability. This
way, we end up with groups of almost equal size (equal in expectation), and we maintain important
concentration properties. This will be the type of sampling we will be using for the remainder of
this work.

Splitting bidders into different groups is essential to the analysis of all the latest works for Com-
binatorial Auctions. In all the latest works, the first split of the bidders into groups is done in order to
extract useful information about the instance of the problem. Such information can be an estimate
for the upper bound of all bidders valuations () = max; v; (M)), an estimate of the value of the
optimal solution to the problem (usually denoted as O PT” or 6]3%). In order to retain truthfulness,
after obtaining information from the sampling group, we need to discard all its bidders from partic-
ipating in the forthcoming auctions. Although it may seem counterintuitive to waste possibly half
of all the bidders, in order to extract statistics, it is important to remember that firstly we are usually
working with NP-hard problems that do not admit constant factor approximation mechanisms, and
secondly that splitting the bidders into groups of almost equal size, results in almost equal distribu-
tion of the value of the Optimal Social Welfare between the two groups. So we are losing a constant
factor of the optimal solution but do gain statistics that are essential to design mechanisms.

Of course, sampling can not always be as important and useful as we have been discussing
so far. In fact, there exist specific families of instances, where sampling ideas are destined to fail.
The reason why these instances exist is that on many occasions, optimal solutions are constructed
with the participation of only a handful of bidders. On Combinatorial Auctions, in one of the most
extreme instances, the optimal solution might be to assign all items to exactly one bidder. In this
specific instance, sampling can in no way contribute in a meaningful way. On one hand, if the
high-value bidder that single-handedly constitutes the optimal solution is placed on a sampling
group, then through sampling we acquire perfect statistics but possibly have no bidders outside the
sample group to use that information on. On the other hand, if the high-value bidder is not in the
sampling group, then we might not get as accurate statistics and thus design a mechanism with
lower “expectations”, resulting in bidders with smaller valuations acquiring the items in the final
allocation.

The issue we just discussed is core in Combinatorial auctions and extends far beyond sampling.
To be more precise, when handling a Combinatorial Auction, we need to design a mechanism that
somehow understands whether the current instance’s Optimal solution is "based” on just a handful
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of bidders getting their preferred items, or many bidders getting a few items and contributing little
to the final Social Welfare. An easy answer to this conflict is to introduce randomization to the
mechanism. We “abuse” randomization, so that we can condition on specific favorable events and
thus design deterministic sub-mechanisms that work well under specific circumstances.

In almost all works in the past decade for Combinatorial auctions, the first step is a fair coin
flip, with one side of it resulting in the execution of a second price auction for the entire bundle of
items M. A second price auction for the grand bundle M is favourable in cases where the optimal
solution includes some bidder i’ that consists a big portion of the final Social Welfare (suppose that
bidder i’ gets bundle A; in the optimal solution with vy (A;/) > %) We will be referring to such
bidders as dominant bidders. Making this bidder ¢’ pay for the entire bundle M instead of A;s results
in a final allocation with Social Welfare vy (M) > vy (Ayr) > % and thus an a approximation.
Including the coin toss we conclude that on instances where such a bidder does in fact exist, we get
E [Welfare] > OTIZT, by applying the definition of expectation operator and the non-negativity of

Welfare.

The coin flip has now allowed us to direct our focus on mechanisms for instances that do not
have any bidder that meets the aforementioned criteria (or more generally, no bidder i has v; (M) >
% for some specifically selected a). The fact that no such bidder exists suggests that we can
apply sampling techniques that acquire useful statistics with high probability. Conditioning on the
knowledge of these statistics, we now aim for the design of a mechanism that admits at most an a
approximation. Such a mechanism would lead towards an E [Welfare| > OQ—T for instances with
no dominant bidders, where randomness is again taken over the coin flip. We would then be able
to state that the randomized mechanism would yield a 2a approximation over all instances of the
problem.

Our discussion thus far has led us exactly to the most critical point of research surrounding
Combinatorial Auctions, the design of a mechanism that works on instances with no dominant
bidders. This will remain the critical point of research until the scientific community can properly
answer the question "Does a constant factor approximation mechanism exist for Combinatorial
auctions with no dominant bidders”.

4.2 Price-Learning Mechanisms

We have already touched upon the implications of the absence of dominant bidders, and we have
underlined how sampling can be of use in such cases. The absence of dominant bidders however
implies an even stronger idea, that maybe we can shift our attention away from the bidders and
focus solely on the items. The way we apply this idea to mechanisms is by designing mechanisms
that "explore” potential prices for each item. Remember that we require this exploration to be part
of a truthful procedure, and as such, after exploring on some group of bidders N1, we can no longer
use these prices for bidders in N;. This approach needs to be carefully applied because the absence
of dominant bidders does not guarantee demand for the items over many bidders. That means that
we need to somehow converge on a good price vector while still maintaining a big enough group
of bidders, that will in fact be interested in the items coupled with the final price vector and thus
admit a good (welfare-wise) final allocation.

With all that in mind, the questions that need to be answered are the following three:

1. What constitutes a good price vector?
2. How do we use a good price vector?

3. How do we learn some good price vector?

Questions 1 and 2 are closely related and defining of the situation. A price vector can be labeled
good if it is somehow related to the Optimal solution or maybe if it is easy to use. We need to
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specify what properties we are interested in for our price vectors and these need to be adapted to
the valuation class in which we are working.

If we are working on the problem for Additive bidders then a good price vector would be an
optimal price for each item j. A price for an item j is optimal if it is less or equal to the highest
valuation of this item j among all bidders and also greater than the second highest valuation among

all bidders.

For the problem with XOS bidders, as we have touched upon before, any valuation function v; (-)
can be interpreted as the maximum of [ Additive valuation functions a(; ) (-), such that v; () =

max agr) (S). Now when observing some optimal allocation O = (Oq,...,O,,) we can use the

maximizing clause of bidder’s ¢ valuation function (the Additive valuation function out of the £ that
gets the maximum value on the bundle O;) and declare the weights of the maximizing clause as
the supporting prices q; for items j € O;. Applying this on every bidder i we get a price vector
q = (q1, .-, gm)- Closely related to this price vector q is any price vector p = (p1, ..., prm) such that
pj < gq; for all items j € M. We say that any price vector p that satisfies this condition supports
the allocation O. These price vectors will be of great use in the following auction format

Mechanism 2: Fixed-Price Auction (p, M, N)
Input: A price vector p, a set of items M, an ordered set of bidders N
Output: An Allocation A = (Ay, ..., Ay)
fori € N do
Suppose S; is bidder ¢ response to the demand query with items M and price vector p.
end
return A = (41,..., A,)

The Fixed-Price auction is a greedy procedure that is dominated by the ordering of the bidder
and the input price vector. At first glance, these two seem to be the main weaknesses of this auction
format. We can measure the resulting allocation’s Social Welfare by comparing it to the Revenue of
the sold items. So, If the prices of the items sold are not high enough, we can not get any guarantees
about the Social Welfare. On the other, if the item prices are too high, little to no items will be sold
in the auction. The following lemma formalizes the idea we just discussed:

Lemma 4.2.1. [16] For an allocation O = (O, ...,0,,) and a price vector p = (p1,...,pm) that

supports this allocation, a fixed price auction using prices § = (%1, cees me) comes up with an allocation

A= (A, ..., Ay) that has ), v;i(A;) > %.

Notice that the lemma holds for any ordering of the bidders. The simplicity of the Fixed-Price
auction coupled with this lemma makes it an attractive tool to use on a mechanism. If we select
the Fixed-Price auction to be the core auction in our mechanism, we have successfully answered
questions 1 and 2. A supporting price vector p of the optimal allocation that has revenue that is a
good approximation of the Social Welfare can be a good price vector and can be used on a Fixed-
Price auction in a pretty straightforward way. Of course, one can come up with different ideas and
notions that answer questions 1,2.

We have now arrived at the most crucial and fragile aspect of the problem, question number 3.
How exactly do we learn the prices? This is exactly what recent work in Combinatorial auctions
has tried to answer.

A commonly used idea in the price learning procedure is the following. Split the bidders into
groups and begin an iterative process. Each group is to be used exactly once, on some specific
iteration. On any iteration, run a Fixed-Price auction using prices that have been refined by the
previous iterations. With some small probability declare this iteration as the winning one and its
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allocation the final allocation and conclude the execution of the mechanism. Otherwise, proceed to
the next iteration.

In order to be able to explore different prices for each item, we need to define a search space. A
common assumption concerning prices is that good prices can belong in the set {1, 2, ..., poly (m)}.
This assumption seems restrictive, but can be ignored using standard techniques. Usually this as-
sumption materializes as an ordered candidate prices set B, that has sequencing prices (b, bx+1)
such that b1 = 2bj. The lowest element of set B is usually 1 or some small number that is O ( #)

The highest element is sometimes set to be some fraction of 1), usually % (remember ) is some upper
bound over all bidder’s valuations).

We will now briefly present the latest works on the problem, emphasizing on the new ideas that
each work introduced.

Dobzinski in [[16] first discusses the idea of prices being upper bounded by m. This means that
the size of the candidate prices set is O (logm). He proposes a simple mechanism that uniformly
at random selects exactly one of the candidate prices, lets say b, runs a Fixed-Price Auction with
%’“, ey %’“) and guarantees that this mechanism yields an approximation ratio of
O (logm). The reason this mechanism works is that for each k he argues that the items j that have
their supporting price g; of the optimal allocation equal to b;, yield half their optimal valuation. The
supporting prices are important to the analysis of the mechanism and are used to quantify how well

the price-learning procedure works.

price vector p = (

Building on this idea he then carefully constructs a more sophisticated mechanism, that groups
the candidate prices intoa = O (\ /log m) options. The mechanism then runs a Fixed-Price Auction
each on a disjoint small group of bidders using prices from one of the candidate options of a. Each of
these Fixed-Price Auctions has a small probability to be the final allocation. If none of them become
the final allocation, the mechanism has retained the highest selling prices for each item over all
iterations and runs a final Fixed-Price auction using these refined prices on the remaining bidders.

The reasoning on why this mechanism works is that either some of the «a iterations happen to
run a Fixed-Price auction with good (comparable to O PT’) Social Welfare or if that didn’t happen,
the resulting price vector for the last Fixed-Price auction has converged on prices that will get good
Revenue.

Assadi and Singla take these ideas to the next level on [[7]. Again the framework to which they
compare the learned prices is the supporting prices g; of the Optimal allocation. They use some
different candidate prices set, retaining its cardinality to O (logm). Their proposed mechanism
runs again on iteration, this time § = O (loglogm) iterations. On each of the iterations they run
a = O (loglogm) Fixed-Price auctions which yields the final allocation with appropriately small
probability. The mechanism notes the highest price an item sold over the a Fixed-Price auctions
and uses that as the basis for the next iterations. The reasoning is similar to that of [[16], either
some of the a Fixed-Price auctions yielded an allocation that is a good approximation of OPT, or
the prices for the next iteration are closer to the supporting prices. Their approach seems to have
reached the limits of what we can achieve using the supporting prices of the Optimal Allocation as
our framework and a learning procedure.

Diitting, Kesselheim, and Lucier in [22] paved the way toward a different framework. They
proved the existence of "good” prices for Subadditive valuation functions. Notice that the previous
two works we discussed were using supporting prices that only apply to XOS valuations. To be
more precise they proved the following Lemma:

Lemma 4.2.2. For every bidder i, Subadditive function v; and set U C M, there exist pricep; forj € U
and a probablity distribution A over S C U such that for allT C U:

Z As | v; (S\T) —ij > b EZU> _ija

SCU jes JeT
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where a = O (loglogm)

In simpler terms, this lemma can be decomposed into the following "game”. Someone picks a set
U (usually U is seen as the set that bidder ¢ gets in the optimal allocation). There exists some prices
for the items in U and some probability distribution A over subsets of U such that if for every subset
of items T that an adversary from the game (and by removing them pays their price) the expected
utility when bidding according to the probability distribution A on available items plus the toll for
the adversary are greater than a factor a of the valuation U.

The existence statement of this lemma is a powerful tool. However, existence does not always
guarantee a robust computational procedure. Remember the celebrated existence of Nash Equilib-
rium in games with finite players and finite strategies [39] that is coupled with hardness results
for the calculation of these equilibria [12, 14]. The authors of [22] utilize these prices by allowing
valuation functions to be drawn from known distributions of Subadditive functions. But they do
not present or hint at ways to calculate or approximate these prices in prior free environments.

Unexpectedly, Assadi, Singla, and Kesselheim co-authored work [f], that does use these newly
defined prices that have no prior knowledge assumption. Their proposed mechanism, which as of
the time of this writing is the state of the art for Combinatorial auctions with Subadditive bidders
and XOS bidders, manages to capture the essential information provided by Lemma while being
totally oblivious to the actual prices or anything related to the valuations of the bidders.

Their mechanism is using again 5 = O (loglog m) iterations. On each iteration, they specify the
price for every item j using the upper median of its candidate prices vector b;. They then run a Fixed-
Price Auction that with a small probability yields the final allocation. If the mechanism proceeds to
the next iteration, all candidate price vectors are cut in half, keeping the upper half of the vector for
items that were sold in the Fixed-Price auction of the previous iteration and the lower half of the
vector for items that were not sold. This continues until the candidate price vectors converge into
one exact candidate price, at which point a final Fixed-Price auction takes place with the remaining
bidders participating. They prove their approximation ratios by meticulously partitioning items
into disjoint sets and using these sets to bound the expected utility for each bidder and the expected
revenue for each bundle O; of the (unknown) optimal allocation.
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Chapter 5

Mechanisms with Predictions for Combinatorial Auctions

So far we have built a thorough understanding of the problem of Combinatorial Auctions and have
touched upon some of the basic ideas of learning augmented algorithms. Our work aims to in-
vestigate the types of predictions that can be of use in Combinatorial Auctions, as well as their
limitations.

In this chapter, we will analyze our main contributions to the problem. Firstly we will briefly
discuss what type of predictions can be used for the problem and then we will define the input price
vectors and the mechanism class that we will be using. We will then thoroughly discuss our results
for the Additive valuation class and the XOS valuation class using this mechanism class.

Before we begin, we remind the reader that our work is aimed at Combinatorial Auctions where
the Optimal Allocation is distributed in some orderly fashion among the bidders that participate in
the Optimal solution. This assumption is well justified in the previous chapter and can be formalized
as the following:

Assumption 5.0.1. The exists no bidderi € N such that (v;(M) > Ol—?). This type of bidder is called
a dominant bidder.

5.1 Predictions for Combinatorial Auctions

Before we begin our attempts we will briefly discuss some important underlying ideas. The objec-
tive of our work is to come up with some mechanism scheme that utilizes some form of prediction.
We are interested in achieving a smooth consistency-robustness trade-off, which hopefully matches
the traditional problem’s state-of-the-art result. We remind here that the nature of our problem
is that of a maximization objective with non-negative terms. The negative results of deterministic
mechanisms and the fact that all of the state-of-the-art works produce results in expectation en-
courage the following utilitarian approach. We can run a probabilistic mechanism that with half
probability runs a mechanism that has constant consistency guarantees (let’s say ¢) and o(n) ro-
bustness (meaning that predictions with high error lead to an approximation ratio that tends to
infinity) or with the other half probability runs the state of the art which let’s say has complexity
of O(poly(loglogm)). Then the resulting mechanism has § consistency while still maintaining a
robustness ratio of O(poly(loglogm)). Even though the scheme we just described has met our
goals, we are interested in pursuing other methods, that apart from the robustness and consistency
guarantees, achieve a graceful transition function as the error increases.

Observing the previous works in this area in both the classical field and the learning augmented
setting we have concluded on the prediction for our models to be a price vector p. This primarily
makes sense, because all previous works in the Combinatorial Auctions spectrum, solve the problem
by primarily designing a procedure that "learns” some vector of good prices. Thus, the naturally
occurring question is of what can we do when these price vectors are given to us as potentially
erroneous prediction vectors. Other types of predictions that can be studied for this problem can
take the form of advice or set constraints (i.e. prediction on items that should be sold as bundles).

Our work will be attempting to attack the problem through the lens of four different criteria,
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with which we will be “experimenting”:

1. Richness of Prices.
2. Proportionality.
3. Desired Consistency.

4. Mechanism Class.

Richness of Prices relates to the properties that the prediction vector will satisfy (e.g. optimality,
etc.). Proportionality will be a transformation of the input price vector, which we will be studying
in cases where the richness of the prediction vector entails trivial results. The consistency criteria
essentially capture whether we are attempting to hit the best possible consistency or we are con-
cerned about the prediction error. We will be applying all the previous ideas to a specific Mechanism
class.

5.1.1 Price Vectors

The idea of someone simply handing out a price vector that captures some important features seems
uninteresting from a research viewpoint. It seems that if someone gives you prices with some guar-
antee, then you can just inspect the most appropriate mechanism from previous works and get
approximations that are parameterized by the error of the prediction.

A more challenging approach is an input that admits useful qualities but is presented to the
mechanism modified, thus engaging the designer to inspect ways that rediscover the initial qualities.
That exactly is the spirit of a proportional price vector:

Definition 5.1.1 (proportional price vector). We define as proportional price vector p the price vector
that results from a point-wise multiplication with a constant c that places all items j at prices p; such
that p; € (0,1].

The mechanism class that we will be coupling the proportional prices with is the following:

Definition 5.1.2 (Sampling & Multiplying Mechanism). We define this class of Mechanisms to include
all Mechanisms that take input a price vector p, calculate on a sample of the bidders the optimal solution
OPT', draw a multiplier d from a probability Distribution D and outputs a price vector p’ = Od],TPT| P

that is then posted in a Fixed-Price Auction on the remaining bidders.

To define a mechanism from this class, one only needs to specify the sampling procedure (usually
ii.d. with fixed probability) and probability distribution D. The Sampling & Multiplying Mechanism
class has some natural and appealing qualities. It is simple to implement and makes straightforward
use of the input vector. This class encompasses the following general principle:

Suppose that someone presents you with a proportional price vector with some Welfare guaran-
tees on the initial multiplier. It is unintuitive to attempt to replicate the original scale, but it instead
makes sense to probabilistically scale the price vector such that the final vector falls in a neighbor-
hood around the initial price vector. This procedure enables probabilistic case analysis reasoning,
such that if the price vector overshooting fails then the undershooting should work and vice-versa.
This effect can better be observed in the following 2 figures.

The 4 sets of points in the figures represent prices for some auction problem instance. The
blue colored set contains the highest possible prices and matches the optimal value per item. The
colored set contains the initial input prices that are then downscaled to (0, 1], while sets with

colors and red represent the final vectors when d results in undershooting or overshooting
respectively. In Figure b.1 we can observe that the multiplier that results in overshooting surpasses
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Figure 5.1: Undershooting is preferred Figure 5.2: Overshooting is preferred

alot of the item’s actual values, while the multiplier that results in undershooting is still appropriate
for the task. In Figure b.J we observe that the overshooting multiplier behaves near optimally and
is thus preferred. This line of thought, despite seeming realistic, does not capture the full difficulty
of the underlying problem and, as we will soon prove, fails in a Submodular setting.

5.2 Additive Valuation Class

The problem of Combinatorial Auctions with bidders equipped with Additive valuations is funda-
mental in the field and has, as we previously stated, an optimal mechanism. It is well motivated,
however, to firstly justify our selected model for the problem, by proving that it does indeed work
on bidders with Additive valuations. After all, the results for a larger class directly apply to their
smaller included classes.

When we restrict the problem to Additive bidders, the first idea that arises as input is a price
vector that is optimal (per item). In this class there exist a formal definition for optimal prices, that
when they are posted in a Fixed-Price Auction, always guarantee the item being sold to the bidder
that values it the most. These prices are directly derived from the Vickrey auction and can be defined
regarding proportional price vectors as follows:

Definition 5.2.1 (optimal proportional price vector). We define as optimal proportional price vector
a price vector p € (0, 1], such that 3 some constant c, for whichVj € M : ¢ - p; is lower or equal to
the highest valuation of item j and greater than the second highest valuation of item j.

Given that bidder’s valuation for one item can be described by real numbers, the previous defini-
tion results in infinitely many candidate price vectors for most instances of Additive Combinatorial
Auctions. The gap between the first and second valuations of items can determine how far off can
the revenue of an optimal price vector be, compared to the Optimal Social Welfare. This leads to the
necessity of selecting our mechanism in a way that carefully decomposes instances with regard to
the relation between the revenue of the initial optimal price vector and the Optimal Social Welfare
of the problem. The probability distribution D is the tool that the mechanism utilizes to tackle this
issue. Let’s observe this in a graphical example.

In Figure b.3 we use blue for the set of the highest possible optimal prices while the set
is the the lowest possible optimal prices. For this specific instance, we present 3 different optimal
price vectors which are colored , red and purple. The probability distribution D needs to
infer probability mass to different multipliers d such that the 3 price vectors admit some common
approximation ratio for at least one of the possible multipliers d (the ratio can be observed for
different multipliers for each of the vectors, i.e. for vector 1 the multiplier d; gives the approximation
ratio, for vector 2 the multiplier d3 and so on). For the example in Figure .3, the sets of prices
needs some large multiplier d; that results in undershooting, while the red sets of prices needs some
small multiplier ds that results in overshooting!
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The class of Sampling & Multiplying Mechanisms does not specify the sampling procedure.
When analyzing the problem and designing mechanisms, most previous works utilized some sam-
pling scheme. The most commonly used one and the one that we will be applying to our mechanisms
will be the i.i.d. constant probability sampling procedure. To be more specific, as a first step to the
Mechanism, we will divide bidders into two groups, Nggmple and Np,s, with each bidder being
placed to Nggmpie With constant probability /g4mpie 0r to Npost with probability 1 — lggmpie-

We will now define the exact Mechanism we will be reviewing for the Additive class:

Mechanism 3: The Sampling Mechanism

Input: A proportional price vector p

Output: An Allocation A = (Ay, ..., Ay)

Split bidders randomly with probability % into groups Ny, Na.

Randomly assign N1 and N3 to Nggmple and Npos;.

Run a ’virtual’ second price auction for each item j € M only on bidders i € Nggmpie and
output the corresponding Optimal Social Welfare as O PT".

Randomly set d = {64, 8} and define p’ = OdI_TPT‘I - p.

Run the FPA(Np,st,M,p’) and output its allocation A = (Ay, ..., A;,) as the final allocation of

the Mechanism.

Notice that The Sampling Mechanism belongs in the class of Sampling & Multiplying Mecha-

nisms with distribution D = uniform {{64},{8}} and an i.i.d. sampling scheme with probability
1

3

5.2.1 Notation

Before we begin our analysis we will present the notation needed. Suppose we are handling an
instance of the problem Z. OPT (Z) = OPT will denote the optimal solution to the instance Z of
the problem. We will denote the highest valuation of item j as first{j}, the value that bidder i gets
in the optimal allocation as value (4), the random variable O P15 as the sum of the valuations
of items j for which the highest bidder is in Nggpmpie, the random variable O PTgpie as the sum
of the valuations of items j for which the highest bidder is in Np,4;. Notice that:

(] OPTSample 4+ OPTpy,st = OPT.
o E[OPTsumpie] = 3 (Pli € Nsampie) - value (i) = + 3 value (i) = 2ET. Similarly
€N iEN
E[OPTpos] = 5L,
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o OPTsample < OPT' because items whose highest bidders are in Np,g; contribute 0 Welfare
in OPTgqmpie but can contribute positive Welfare to OPT' if they are sold to non-optimal
bidders.

We will be denoting the revenue of a price vector p as Rev {p} = ) p; (remember that all
JjEM

items get allocated when the prices are optimal). We will be calling the set of items whose highest

bidder got placed in Nggmpie as Msample, and the set of items whose highest bidder got placed in

Npost as Mpos. Finally we will be using Rev {p|Post} = > ..\,  pjand Rev {p|Sample} =
ZjEMSample p]
Note that Rev {p} = Rev {p|Sample} + Rev {p|Post}

5.2.2 Approximation Ratio

Before we can prove the approximation ratio we need to state some useful lemma’s, decompose the
problem into two cases for the input price vector, and combine them all together.

The following lemma and its proof are following a similar lemma in [16].

Lemma 5.2.1. A set of bidders Ny that is generated with i.i.d. sampling on the bidders in N with
probability % satisfies the property {% < OPTy, < 30%} with probability greater than
1-2=1-0(1).

€

Proof. We can apply Hoeffding’s inequality on the random variable O PTsqmpie-
Hoeffding’s inequality states that for X, ..., X,, independent random variables bounded in
= YL X,
[CLZ‘, bi], with X = &2

n

P(|X -E|X _72n2t2
>t) <ex
(| [ | B ) B p( Ez (ai—bz‘)2>

By setting X = ), X, knowing that for all 4, b; < d and a; = 0, where d is a constant, we get

2EX] that:

from the Hoeffding inequality with ¢t =

. 2 a- 2
P(’X_E[XH ZG'E[X]) < exp (-W) < exp —m

e (222 ELX)

. . E[X
where the second inequality holds because Y. b2 < d- >, b; =d - %
Finally applying for X = OPTy,, setting a = % and observing that in our case p = % and

d= Ol—IZT because we assumed no dominant bidder exists, we get that:
OPT OPT 2
P PTy ——— | > —— | < —

O

It is important to emphasize that this lemma holds because of Assumption p.0.1. A simple exam-
ple instance where this lemma does not hold is any instance where the optimal allocation is described
by one bidder getting all the items M. Of course in this case [P (% < OPTN, < 3Of T) =0.

Due to this lemma we can argue that the resulting two groups N, Ny of The Sampling Mecha-
nism are exchangeable, because property {% < OPTN, < 39#} directly implies the fact that
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{% < OPTy, < %}. This is key to our analysis later on. Another useful lemma for our
analysis that is straightforward to prove is the following:

Lemma 5.2.2. The event { Rev {p|Post} > Rev {p|Sample}} happens with probability 3.

To understand why the mechanism works, we need to build some intuition, especially around
the scheme of proportional prices. As we hinted before, we will divide all instances into two disjoint
cases, regarding how the revenue of the proportional price vector compares to the Optimal Social
Welfare. In the case that the revenue is greater than some factor of O PT, we can understand that
the re-scaled proportional prices give us a good approximation even if we post prices scaled down.
In the case that the revenue is smaller than a factor of O PT we can post prices much greater than
the initial ones, and rely on the fact that the items j that end up having prices greater than first {j}
do not contribute much to the Optimal Social Welfare.

Theorem 5.2.1. The Sampling Mechanism with input an optimal proportional price vector achieves a
constant approximation ratio to the Optimal Social Welfare.

Proof. Lets now formally define the two disjoint cases:

Case 1: The revenue of the initial price vector is greater than a factor of O PT and more specif-
. OPT
ically, Rev {c-p} > 55~

In this case, The Sampling Mechanism gets a constant factor approximation ratio if we guarantee
the following properties:

1 {OPT < OPTgqmpe < 2OET Y.

2. Rev{p|Post} > Rev {p|Sample} which translates to Rev{c- p|Post} > % since we
assumed for Case 1 that Rev {c-p} > %.

3. Parameter d is selected as 64 which happens with independent probability of %

Our analysis will be based on two things, the probabilistic independence of properties 1, 2, and
3, and the lower bound on the revenue they can provide.

If the three properties hold, we can argue that, the mechanism would guarantee for every item

j € Mpost, that pl; < c - pj, since by assumption Rev {c - p|Post} > OPT and also Y Py =

64
JEM
OPT' _ OPT
61 < ol
Proceeding, we need to now lower bound Rev {p/| Post}. To do so we observe that:

Rev{c-p|Post} - % 1 OPT OPT

/
P - S Y
Rev {p'|Post} Rev{c-p} 32 464 512

In conclusion, we have managed to get a price vector p’ that has prices such that p; is lower
than first {j}, securing the fact that all items in Mp,s; will be sold in the up-coming Fixed-Price
Auction. We have also lower bounded the total revenue of the Fixed-Price Auction by a constant
fraction of OPT'. Thus, we have proven that for Case 1, as long as the three properties are satisfied,
the mechanisms guarantee the following:

OPT
! > '|Post} > ——
Welfare > Rev {p'|Post} > 12
Properties 1 and 2 can be probabilistically guaranteed by lemmas and b.2.4. Thus we can
lower bound the expected welfare using the law of total expectation (and ignoring other events
based on the non-negativity of the Welfare) as:
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E [Welfare] > P (Prop 1 N Prop 2 N Prop 3) - E [Wel fare|Prop 1 N Prop 2 N Prop 3]
=P (Prop 1) - P (Prop 2) - P (Prop 3) - E [Wel fare|Prop 1 N Prop 2 N Prop 3]
< ) 1 1 OPT (e?—2)OPT

2 2 512 2048¢2

Case 2: The revenue is lesser than a factor of O PT and more specifically, Rev {c - p} < OP T.

In this case, The Sampling Mechanism gets a constant factor approximation ratio if we guarantee
the following property:

PT PT
1. {OT < OPTSample < 304 .

2. Parameter d is selected as 8 which happens with an independent probability of %

With these two properties, we will prove that the re-scaled prices will overshoot, but the cumu-

lative value of the items that will exceed their highest valuation first {j} is small enough.
OPT

we can argue that the re-scaled prices guarantee for every item j that pj > c - pj, due to

OPT orT’  OPTsampie  OPT _ OPT
Rev{c-p} < by assumption and also due t0d e Py =g = 5 >S5 =%

Our only concern now is, what happens to the set of items that are overpriced after the re-scaling.

We define the set of items Lost = { J ‘ p; > first{j }} as exactly the set of the overpriced items. In

reality, the items in Lost have a cumulative value smaller than O PTp,s;. Due to assumption 1 we
can argue that OPT'p,g > P T

The Worst case for the mechanism in instances that concern Case 2 is the highest overpricing

possible. Due to assumption 2, however %T, < % and thus we argue that the items in Lost

satisfy the inequality:

oPrPT’ OPT

irstdq —copi s — e —
Jirstijy <pj=c-ps 8-Rev{c-p}<c bi 8- Rev{c-p}

Summing over all the items j € Lost we get:

val(Lost) Z first{j} < Z <C'pj'8-ROevP{1;-p}>

j€Lost j€Lost
OPT
By
= 8- Rev{c-p}
_ OPT
8

Concluding the analysis, we argue that for all items j € Mpos: \ Lost, p; is optimal, and also that

val (Mpost \ Lost) = OPTp,s; — val (Lost) > OZT — OISDT OPT thus finalizing the following

result conditioned on the fact that properties 1 and 2 hold:

PT
Welfare > val (Mpest \ Lost) > OT

Property 1 can be probabilistically guaranteed by lemma and thus we can lower bound the
expected welfare:
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E [Welfare] > P (Prop 1 N Prop 2) - E [Wel fare|Prop 1 N Prop 2]

P (Prop 1) - P (Prop 2) - E [Wel fare|Prop 1 N Prop 2]
< 2> 1 OPT _ (¢#-2)OPT

2 8 16¢2

In both cases, we get a constant approximation ratio, and thus the approximation ratio of The
Sampling Mechanism is the worst of the two:

O]

In concluding our analysis for Additive valuations, we have presented a mechanism that uses
the optimal prices as input without error but in a proportional form and guarantees a solution that
is a constant approximation of the optimal one.

5.3 XOS Valuation Class

The purpose of the analysis of Additive valuation functions was to lay the foundation and the ideas
needed to design a mechanism that works with proportional prices on a greater valuation function
class, namely the Submodular or the XOS class.

The first obstacle in that transition involves the notion of proportional prices. When using Sub-
modular set functions, we can no longer argue that some price p; for some item j is optimal in the
same way we did in the Additive case. With Additive valuations, whenever we had a price p; that
was less or equal to first {j} and also greater than the valuation of item j of the second highest
bidder, we could argue that with that price the only person who would want to bid on the item
would be the highest value bidder. By allowing ourselves Submodular valuation functions, we can
no longer define “optimal” prices for items, because now we need to account for the value derived
from getting items together.

Lemma will be of great use in our analysis throughout this subchapter. Remember that if
we were able to lower bound the prices p; with some fraction of ¢;, we would be able to get good
approximations for XOS Combinatorial Auction using the aforementioned lemma.

5.3.1 Supporting Prices

The Sampling & Multiplying Mechanism class we proposed in the previous subchapter needs an
input price vector. The first obvious candidate as a proportional price vector is the supporting prices
of the optimal allocation. These prices are powerful enough such that we can easily get a constant
approximation of the Social Welfare even if we only get access to their proportional price vector.

Theorem 5.3.1. There exists a mechanism in the Sampling & Multiplying Mechanism class that, when
given a proportional supporting price vector of the Optimal Allocation as input, achieves a constant
approximation ratio on the Submodular Combinatorial Auction problem.

Proof. The way we can prove that is to notice that the supporting price vector of the Optimal alloca-
tions sums up to exactly O PT" and to remember that we can accurately estimate O PT' by applying
any non-truthful algorithm for the problem on a sample of the bidders. Then we are only required
to select the correct multiplier that guarantees that the re-scaled prices p;- are in fact smaller than

%. We will follow the notation used in the Additive Valuation Class section.
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We select the iid. sampling scheme with 1 5 probability to get sampled and by lemma 5.2.1 b.2.1 it
holds that with high probability =+ OP T < OPTSample < 3OP T which implies that O PTp,s > OP L,
On bidders in Nggympie We run the non-truthful algonthm of [34] which is a 2-approximation for
the Submodular setting and thus we get the estimate OPT" > OPTS;’”W > 9LT We select the

probability distribution D to set deterministically d = 8 (with probability 1) and we have thus
OPT

achieved p’ = 5] - p which has:
e p|= OSJ_TIT‘/ - |p| < 2£% and also,
pPT’ PT
o |p|= %'|P\ -|p| > OﬁT-

The p’ price vector supports the allocation O PTp,s which has value at least OP T and as such due

to lemma [.2.1) the Fixed-Price Auction will get an allocation with Welfare greater than OP T As
such we get the following Expected Welfare:
2 OPT
Wel >(1——=)—
E[Welfare] 2 (1 - 5) "0
O]

This theorem makes critical use of lemma }t.2.1. Notice that this lemma allows us to extend our
analysis to proportional price vectors with revenue guarantees of the form Rev {c-p} > Of L
as long as we parameter a is considered known to the mechanism. We will touch upon a similar
concept later on. Notice as well, that the supporting prices of the Optimal Allocation are equivalent
to prices first{j} in the Additive setting. So theorem directly and trivially extends to the

Additive setting.

Suppose now that we attempt to use as input a proportional price vector that supports the Op-
timal allocation. Remember that the definition of "supports” means that for every item j, p; < g;
where ¢; is the supporting price of item j in the optimal allocation. We will again consider the
same two cases for our analysis and we will see why Case 2 can no longer be handled in our set-
ting. A quick explanation of the underlying difficulties is that on XOS (or broader classes) revenue
guarantees are important (if not necessary):

Case 1: The revenue is greater than a factor of O PT and more specifically, Rev {c - p} > OP T.
The key differences in comparison to the previous analysis are the following:

1. In order to use lemma we need prices to be p;- < %, which we achieve by posting prices

orT’

scaled to o

2. We can no longer calculate exactly the value OPT", but we can use any non-truthful mech-
anism to get a constant approximation on O PT’. Using an K -approximation of OPT’ con-
cludes to just another factor K on the approximation ratio of the mechanism.

The reader can compare these 2 differences and ideas to tackle them with the proof of theorem

5.3.1 and notice that this is exactly what we employed.

Case 2: The revenue is lesser than a factor of O PT' and more specifically, Rev {c - p} < OP T.

This case cannot be tweaked in the same way we tweaked Case 1. The reason for that is that
lemma needs the revenue of the scaled price vector to be lower bounded. When handling
this Low Revenue case, we need to upscale the prices such that the re-scaled price vector is lower
bounded and also little or no items disobey the inequality p;- < gj. But we cannot guarantee that
by simply multiplying every price in the price vector with a constant. Let’s observe a specific "bad”
example:

Suppose that we manufacture an instance where items can be split into two groups using the

support prices ¢;, the set of items C, for the items j that have ¢ - p; ~ ¢gj and also ) ¢; = O:gT’
jecC
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and set M \ C for items j with ¢ - p; = Following the same analysis, we had in the Additive

aj
OPT2/'
case, when OPT’ ~ OPT scaling with % results into:

1. Vj e C, p;- ~ 4q; > qj.

. 4q;
2.VjeM\C, p}zogr}g.

Thus, applying lemma can only be applied on items M \ C and guarantees Welfare >
%, which of course is an unsatisfactory approximation ratio. Notice that the instance we de-
scribed can be easily adjusted to match any constants in our initial statement.

Before we move towards a different notion of price vectors, we can present a simple result using
as input prediction a price vector p that supports the Optimal allocation. If we measure the error of

this prediction as = max € M {%} then lemma implies the following theorem.
7 J

Theorem 5.3.2. With input prediction a price vector p that supports the Optimal allocation, A Fixed-
Price Auction which posts price vector § achieves a 2n-approximation ratio on the XOS Combinatorial
Auction problem.

Notice that theorem can be observed under the Additive Combinatorial Auctions setting,
where instead of ¢; the price p; is compared to first {j} for the definition of the error. We need
to emphasize here that this theorem holds for prices that support the Optimal allocation and that
we cannot get a similar same result for any given prices (in that case the error would be defined as

n:mJaXEM{ﬁ &}).

pi’ 4
In concluding this subsection, we summarize the following results for XOS Combinatorial Auc-
tions:

e A Sampling & Multiplying Mechanism with input Proportional Supporting Prices that gets a
constant approximation.

e Proportional Price vectors that support an optimal allocation can get arbitrarily bad approxi-
mation ratios.

e A Mechanism with a price vector that supports the optimal allocation, that has a linearly
degrading approximation ratio (in regards to the error).

5.3.2 a-good Price Vector

The previous section proved that we need stronger input information to apply some Mechanisms
from the Sampling & Multiplying Mechanism Class on instances with Submodular bidders. One
way of doing so is by redefining the input proportional prices as a generic vector of prices with the
property that exists some multiplier ¢ such that the allocation of a Fixed-Price Auction with prices
¢ - p has Social Welfare greater than % for any ordering of the bidders. We will now formally
define this property of price vectors as “"a-good proportional price vector”.

Definition 5.3.1 (a-good proportional price vector). We define as “a-good proportional price vector” a
price vector p € (0,1]™, such that 3 some constant c, for which the outcome allocation of a Fixed-Price
Auction posting prices c - p has Wel fare > OfI:T (for any ordering of the bidders in N ).

We will be referring to the initial price vector c-p as the “a-good price vector”. Before attempting
to use the a-good price vector on problems with Submodular valuations we need to re-examine
problems with Additive valuations. Compared to the previous input statement we do not have any
guarantees regarding the optimality of the prices within the price vector ¢ - p.
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One important question before we begin the analysis is the importance of knowledge of the
parameter a. We will now be presenting an example that describes why knowledge of a is both
important and necessary.

Example 5.3.1. Suppose that we have an instance of the Additive problem I where items are split into

OPT
alL]

we are given has prices such thatVj € L,c-p; = first{j} andVj € H,c-p; = 0.

two groups, L = {j‘fz'rst {j} = } and H = M \ L. Furthermore, suppose that the input vector

If The Sampling Mechanism is oblivious to the constant a then the re-scaled price will always over-

shoot, should we select a large enough a. On the other hand if we have knowledge of a, we can simply
tweak The Sampling Mechanism to scale in regard with a, namely p' = gilj;‘ - p. Then the previous
analysis holds and the results only differ to a factor of a. Notice that with a = 1 the a-good proportional

price vector is also an optimal proportional price vector and thus we retrieve our initial Mechanism.

The previous example captures the idea behind the necessity of knowing a in our analysis. We
now formally present this statement and its proof.

Theorem 5.3.3. For any distribution D and sample probability % defining a specific Sampling &
Multiplying Mechanism, there exists an instance of the problem I (even with Additive valuations), a
constant a and a proportional a-good price vector p (guaranteeing Welfare % ) for which the Sam-
pling & Multiplying Mechanism yields arbitrarily small Welfare with probability 1 — o(1).

Proof. We will prove this theorem on distributions D who have well-defined mean p and standard
deviation o. Applying Chebyshev’s inequality on the sample d of D yields:

P(}d—u‘zktﬁ)gé — P(dZM+k02) g%

We selecta =4 - (,u + k:aQ) and define the instance 7 with M items and N bidders where there

exists an item set L = j‘ first{j} = OPT}. For this instance 7 and a parameter we can define

alz]
the a-good price vector p such that Vj € L,p; = first{j} = % andVj e (M \ L),p; =0. We

can easily verify that this price vector guarantees Welfare at least %.

From lemma we get that P (OPT’ € (%, OPT)) = 1 — o(1), while it also holds that
P (d < p+ k02) >1- k—lg These two events are independent and thus we get with probability at

least (1 — o(1)) that OZTI > g (OP I~ — OPT That translates to a situation where for items in L,
(u+ko?) a
pj > first{j} and for all other items p/; = 0. Naturally, these prices cannot have any guarantees,

thus concluding the proof.

O]

From now on we assume knowledge of a. Moving towards Submodular valuations, the question
that remains is whether our new input properly handles the cases where the proportional price
vector admits small Revenue with the initial multiplier. We present a more interesting instance
where that is not the case. The intuition behind this example is that in a Submodular setting we can
have instances where higher prices enhance the competition for valuable goods. This contradicts the
general idea in economics that higher prices result in less demand. Let’s now justify this intuition
with a small example.

Example 5.3.2. In this instance we are dealing with 3 bidders with the following reasoning (their val-
uations are presented in table[5.1):

1. Bidder 1 that gets a high-value bundle at a low price.
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2. Bidder 2 that gets a low-value bundle at a low price but is also interested in the bundle assigned

to bidder 1.

3. Bidder 3 that is interested in the bundle assigned to bidder 1 but their utility for this bundle using
the a-good prices is negative.

v By By

i1 Ay 0

i 24, (3+%) Az

is (1 —¢€) Ay 0
cp Ay 245

Table 5.1: Valuations of the 3 bidders.

Suppose that A1 > As. Notice that a Fixed-Price Auction for any ordering of these 3 bidders we
would get the allocation (B, By, () with value v1 (B1) + vy (B2) = A1 + (3 + g) Ay and revenue
p(B1) +p(B2) = 342.

1. Multiplying this instance with (1 + €) - c results in:

e Allocation (B1, B, () if bidder i1 comes before bidder is in the Fixed-Price Auction.

o Allocation (0, B1,0) if bidder io comes before bidder i1 because us (B1) = (1 —€) Ay >
(1- %) A2 = ua (Ba).

2. Multiplying this instance with (1 — €) - ¢ results in:

e Allocation (By, Bo, D) if bidder i1 comes before bidder i3.
e Allocation (0, B, By) if bidder is comes before bidder i, because us (By) > 0.

With % probability, we acquire the original outcome even though we are using the wrong multipliers.
Since we are mostly interested in acquiring value Ay (remember A1 > As), we quantify our result for
the expected Welfare as:

A
E [Welfare] > 71

This example motivates us to examine what would happen if we had 3 groups of bidders that
behaved like bidders {1, 2, 3}, but the 3 groups had different cardinalities. Our reasoning holds for
any € > 0 such that A; > A,. We will use such an instance to prove the following theorem:

Theorem 5.3.4. There exists a family of a-good price vectors {C - P} such that for a specific price vector
¢ - p we can define a family of instances of the problem T with instance specific constants {c1, co, €} ,
such that ¢y < ¢ < ¢g and for any ¢ € (¢1,(1 —€)e) U ((1 4 €)c, ¢2), the E [Wel fare] of a Fixed-
Price Auction posting prices ¢ - p is arbitrarily small, where expectation is taken over the random order
of the bidders.

Proof. We construct groups S, S2, S3 having bidders with resembling behaviour to bidders {1, 2, 3}
respectively and extend bundles (Bj, Bs) to ({B(1,1)7 v B(l,lsl\)} , {B(Zl)’ v B(2’|52D}). We se-
lect bidders in S such that any pair (4, ¢") within S; does not share an interest for the same bundles,
ie. v; (B(Zi’)) = 0, vy (B(Li)) = (. Similarly we select any pair of bidders in Sy to not share an
interest on the same bundle B(y;). Bidders in Sy are valuing bundles B(; ;) in a somewhat unit
demand manner, with the extra property that all bundles are valued the same. Bidders in S5 have
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Additive valuations over bundles B(; ;). These valuations for some candidate bidders from the three
groups are presented in the table @

Ui Bak)  Baw)  Bam)YUBarky  Bek)  Bek) Bek)YDBek)
U(1,k1) Aq 0 Ay 0 0 0
U(2,k2) 24, 24, 24, (3+ <) A 0 3+ %) A
iBhy (I—€)A2 (1—€) Az 2(1-¢)A 0 0 0

c-p Ay Ay 249 245 245 44,

Table 5.2: Valuations of candidate bidders from the 3 groups.

Having set up the valuations and prices for the items, we need to now select the rest of the
parameters in the instance, A1, Aa, [S1],|S2], |S3]-

We will select these parameters in a way such that we satisfy these conditions:

1. Welfare = OPT.

OoPT
2. Rev{c-p} < 55—

The revenue condition originates from our discussion in subsection f.3.1l. Notice that with these
conditions the resulting a-good price vector can be characterized as optimal, in the sense that it
guarantees the optimal allocation for this Instance. As we hinted before, we are constructing the
instance adversarially with an interest in exploiting the different cardinalities of the 3 groups. For
this reason we are interested in group S; being much smaller than Sy or S3, so we select |S3| =
|Sa| = |S1|¥, for some integer k > 3.

We can now calculate appropriate parameters A; and As. The revenue condition translates to:

OPT OPT
Rev{c-p} = |S1| - As+|So| 245 = Ay~ (|S1] + 2|51 [F) < —— A
ev{c-p}=|S1|-A2+|S2| 2 2 (‘ 1] +251] ) < 39 = 2<32(\51]+2\51!k)

- OPT
32[S1] (|S1] + 2[S1]¥)

The Welfare condition translates to:

We select | As and have thus met the revenue condition.

dew:wﬂmyﬂ&ﬁ@+§}@:cmT=:

OPT |5 €
= 2 (3+-)4
T A RN ( +2) 2 =
A OPT( B 6+ € 1 >
T 64 [Si[(|Si]*F +2)

We will keep | S| unspecified for now and turn our focus to multipliers {(1 —€) - ¢, (1 +€) - ¢}. We
will now proceed to calculate the expected welfare of a Fixed-Price Auction for each multiplier:

e In the case of multiplier (1 — €) - ¢, we have constructed the instance in a way that arrival of
any bidder i3 belonging in S35 can destabilize the whole instance, by bidding for all bundles
B(1,r). We can upper bound the expected welfare by ignoring bidders in S5 (all bidders in Sy
take their initial bundle). Then the random ordering and Fixed-Price Auction can be viewed
as the following experiment:
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k
| Sll\il”Sﬂ = the first bidder of the Fixed-Price Auction is

drawn from S3, he bids for all items By ;) and the Fixed-Price Auction gets welfare
|S1] - (1 —€) - Asg.

1. With probability | Sl‘|sf||33| =

k
2. With probability B “ﬁlsl % T8 l‘jl +|| S the first bidder is drawn from S and the second

bidder from S5 resulting in an allocation with Welfare (|S1| — 1) - (1 —€) - A2 + A;.
. . i [S1]—(i—1) 511"
3. With probabilit - .
b y(H SiI= (=D +[SiF ) [Si[—r +[Si]F

drawn from S; and the next bidder is drawn from S3 resulting in an allocation with
Welfare (|S1| —7) - (1 —¢€) - Ay 417 - Aj.

the first r bidders are

So we can calculate the expected welfare from this procedure as:

€
E [Welfare] = |Sa| - (3_,_ 5) Aot
[S1] .
|S1| — (i —1) 15|
Z (H 1Si] = (i —1)+|Si[F ] |Sl|—r+‘5’1’k'((|Sl|_r)‘(1—€)'A2+r-A1) <
|S1\

> ((stisp) (Osil=n-0-9- Asr-a0) + 0545 <

51

Sy
Z<(|Sl||+l|5 k> '(|51!A2+r.e.A2+r.A1)) +0(|Ss] - Ag) =
r=0

[S1]+1
1— |51
S S1|k
‘Sl‘ CAy - (| 1+ ;ﬂ) +O(|SQ"A2>+
N <|51\+|51|k>

I oy (s /S .<L>‘Sl|+2
(|S1H—\Sl|k) (|Sl| 1) <|51‘+|51‘k) —|—|Sl| SIS

€-As+ Aq) -
e o (s
[S1]+|S1]*
1 OPT
il Ay 4 |S] - Ag + A>:O< )
(| s 4182 Aa g A =

< %2 Va,b>0anda > r, ii <1Vb>r

b
a— r+b a++b ) a—r+b
, iii) some finite sums definitions and iv) 1a7 < 1,if 0 < a < 1. Notice that the outcome
parameters occur from the contributions of bldders in |S2|. To finalize this case we get:

We used in order the facts that i)

E[Welfare] = O (OPT>

151

In the case of multiplier (1 + €)-c things get a little more complicated. In the resulting analysis,
we can now ignore all bidders in S3 because they play no role in the outcome of the Fixed-Price
Auction (bundles are priced high enough that all their utilities are negative). Calculating the
expected welfare in this scenario is much more challenging because the arrival of some bidder
from Sy does not guarantee that no bidder from S; gets his most valuable bundle. Notice that
in the current situation, all bundles B(; ;) will be sold after the arrival of at most 2|5 | bidders
from groups S1,S2. The problem however is that it is unlikely that many bidders from S}
will arrive in the first 2|51 |, and when they arrive their desired bundle might not be available.



One way to attempt bound the expected welfare of the Fixed-Price Auction is the following:

|S1]
E [Welfare] < Z (Exactly r of S} take their bundle) - r - A;) + |So| - Ao

|S1]

al'az'T'A1)+\S2\'A2

where ag = P (draw [ bidders out of S; when drawing out of S7 and S3) and,
a1 = P (r out of | take their By ).

It is challenging to analytically calculate this expectation so we attempt to upper bound it us-
ing simpler tricks. The probability P (draw / bidders out of S; when drawing out of |S1| + |S2|)
is described by a hypergeometric distribution with parameters n = |S1|, K = |S1|,N =
|S1] + |S2|. With that in mind, we can apply concentration bounds for the hypergeomet-
ric distribution in order to break down the event space into two disjoint families. Consider
the random variable X which follows the hypergeometric distribution that we just described.

. . C . . _ nK _ |51 <
This hypergeometric distribution has mean E [X] = 5% = EEERE 1,V|S1| > 0 and

— pKN-KN-n _ |5y |2k +2 _
NCNCNEL T (sulsu) - (18081 E) )

discretize the probability space around X = 2

variance Var [X] = For this reason, we will

1. By Chebyshev’s inequality we get that:

Var [ X]
a2

P(X ~E[X]|>a) <

| S |2k+2
(U114 181)° = (11] + 1811%)°)
We can upper bound the welfare of the Fixed-Price Auction for this event family with

the arbitrary bound Wel fare < OPT.

2. On the other hand we can arbitrarily upper bound the probability P (X < 2) < 1
and bound the welfare produced by the Fixed-Price Auction as Welfare < 2 - Ay +

O (|51]% - A3) and as such Wel fare = O (O|SPIZ|F)

P(X>2) <P(IX -E[X]|>1)<

By applying the formula of the conditional expectation on the discretized space we get:

E[Welfare] = E[Welfare|X > 2] -P(X >2)+ E[Welfare|lX <2]-P(X <2)

|51 [+ (OPT)
-OPT + O
(1821 + 181197 — (11] +1521)°) EA

OPT OPT OPT
(|Sl|k—2 e ) ( 5] )

IN

If we select ¢; = (1 — €)c,ca = (1 4 €)c, then we have proven for any ¢’ € (¢1,¢2) with ¢/ # ¢
that a Fixed-Price Auction posting price vector ¢ - p on this Instance Z has expected Welfare that is
upper bounded:

E [Welfare] = O (OPT>

|51
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In concluding the analysis, we have proven that there exists a constant size neighborhood of
multipliers around the initial multiplier c that not only does not retain the guarantees for any Fixed-
Price Auction (deterministic) but also admits a non-constant upper bound on the expected Welfare.
The analysis for the (1 — €) - ¢ is far from tight and can surely be greatly improved. It is important
to note that Expected Welfare can get arbitrarily bad because the cardinality of group S; can be
arbitrarily selected.

Combining this result with our previous discussion about the necessity of knowing parameter
a when using an a-good proportional price vector, we have reached a difficult position. On one
hand, knowledge of a is both far-fetched (realistically speaking) and necessary, and on the other
hand, even if we know parameter a, we shouldn’t use that knowledge in order to approximate the
initial multiplayer ¢, because the a-good proportional price vector guarantees are not maintained
on multipliers belonging in some small neighborhood around c. In addition, a question that arises
is what is the use of parameter a and the guarantees of the a-good proportional price vector, when
any attempt to secure an approximate good solution drives us to price vectors far away from the
a-good price vector.

The question we just posed mostly relates to the Mechanism Class we are trying to apply to
our learning augmented framework. It seems that Mechanisms in the Sampling & Multiplying
Mechanisms class are not well suited to handle a-good proportional price vectors. However, we
can apply a simpler mechanism presented in [[16] that we have already discussed in Chapter 4. Key
to our following result will be the fact that now we restrict all possible prices to originate from set
{1,2, ..., poly (m)}. This assumption is helpful in the sense that it discretizes the search space into
O (logm) candidate prices.

With this assumption, we can design a simple mechanism that utilizes any a a-good proportional
price vector p and gets an O (alog m)-approximation ratio. This mechanism simply guesses the
multiplier ¢ and posts the resulting price vector ¢’ - p in a Fixed-Price Auction. The reason why this
idea works is that with uniform probability ¢’ = ¢. Formally, we present the following theorem.

Theorem 5.3.5. A distribution D with knowledge of ) = O (logm) that uniformly draws a multiplier
for the a-good price vector and posts the resulting prices on a Fixed-Price Auction, yields an O (alogm)
approximation to the Optimal Social Welfare.

Proof. The proof simply follows from the fact that with probability (O (logm))~! we multiply
with the correct multiplier and by definition of the a-good prices that multiplier guarantees an
a-approximation the Optimal Social Welfare. So by the law of total expectation, we get:

E [Welfare] = Z P (multiplier ¢') - E [Wel fare|multiplier ¢'|

>P (c’ = c) -E [Welfare‘multiplier c]
B 1 oPT
~ O(logm) a

5.3.3 Perturbation On The a-good Price Vector

The instance we constructed in order to prove theorem had an interesting dynamic. Even
though optimal, the a-good price vector in this instance was fragile to grouped multiplication. On
similar occasions, a breakthrough has been achieved by applying a perturbation to the instance at
hand. One such occasion is the solution of linear programs using the simplex method.

In this subsection, we will investigate whether the instance’s fragility can be overcome using
perturbation, with our model still being the Sampling & Multiplying Mechanisms class. Theorem
motivates the questions on the flexibility of the oblivious multiplication used in the Sampling
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& Multiplying Mechanisms. In order to further understand the limits of the a-good proportional
price vectors, we will substitute the universal multiplication scheme with the perturbation scheme
(c+ €')-p, wheree;” = {+€, —€¢'} and we will analyse the expected Welfare of a Fixed-Price Auction
running with input price vector the price vector (¢ + €') - p.

Theorem 5.3.6. There exists a family of a-good price vectors {C - P}, such that for a specific price vector
c- p and any constant volume hypercube in R™ centered around c - p, there exists a class of instances of
the problem T for which a Fixed-Price Auction posting a price vector p’ from the hypercube’s nodes yields
arbitrarily small E [Wel fare|, where the expectation is taken over the random order of the bidders.

Proof. We will be extending the instance in theorem with some extra restrictions in order to
construct a situation where perturbation fails on any perturbation. The new valuation table for the
3 sets of bidders in this example will be the following:

v; Bk Bakyy  Bak)YBagky Bk, B k' B,ky) U B2k
e A 0 A 0 0 0
i(2,k) 24, 24, 24, (34 5) A 0 (34 5) A
5 (-4 (1-94s 2(1-04 2(1—64; 2(1—A4s 4(1—e4A,
p A A 24, 24, 24, A4,

Table 5.3: Valuations of candidate bidders from the 3 groups.

The only differences with the previous instance’s valuations are the emboldened valuations of
bidders in S3. In line with the aforementioned analysis, we will be conditioning the execution of the
Fixed-Price Auction regarding the first arrival from Ss. In our new instance, the first bidder from
group S3 that participates in the Fixed-Price Auction will bid for all bundles B(; ;) and By ;) that had
their price tag lowered by —¢’. The reason why this is important is that after this arrival, no bidder
i(2,k,) Will be interested in bidding for her own bundle B3 1,) (this would happen if B3 1,) had its
price tag lowered) and thus the remainder problem is a tweaked sub-instance of multiplication case
(1 + €) - ¢, for which we have already established an upper bound. We say tweaked because we
need to account for the decrease of the cardinality of the group S after the first arrival from S3. For
this reason we change the cardinalities of the 3 groups as |Sz| = |S1|* and |S3| = |S1|?*, for some
integer k > 3.

We need to introduce a new random variable X that describes the first success in sampling
without a replacement (notice that the following technique could also be applied in theorem
for the case of multiplier (1 — €)¢, yielding our original results). This random variable follows the
Negative Hypergeometric distribution with parameters r = 1, N = |S1|?* + |S1|F + |S1|, K =

k
|S1|% + |S1|. The expected value of X is E[X] = Nﬁ'}((ﬂ = |*|9§1“;,;|fi‘ < 1,V|S1]| > 1 and the
- - _ rK(N+1)-(N-K—rt1) _ (IS +151])- (1511 +|S1[*+[S1[+1)- |52 ( 1 )
variance is Var |X] = Sy ey v k). (151 [2+1)" (I1]2+-+2) IRNELYA

Similarly to our previous task, our main interest is how many bidders from S; get their own
bundle in the Fixed-Price Auction. For simplicity in our calculations, we bound the Welfare of the
Fixed-Price Auction before the first arrival from S5 with X - A; which is the best scenario Welfare-
wise, where all bidders arriving before the first bidder from S3 belong in class S and get their own
bundle. After the first arrival from S5, we have a situation that is similar to case (1 + ¢€) - ¢ that
arose in the proof of theorem .3.4, but perhaps with a smaller group of bidders S. The decrease in
the size of the group is (probabilistically) a small constant and can be ignored, so we can apply the
upper bound we proved in theorem 5.3.4.
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We will be applying Chebyshev’s inequality to the random variable X for a = 1. This yields:

P(XZQ)SP(‘X—E[XHZI)_O<’51|I§>

We will use again the arbitrary bounds P (X < 2) < 1 and Welfare < OPT if X > 2. We
thus get the following approximation ratio:

E[Welfare] = E [Welfare|X > 2] -P(X >2)+E [Welfare| X <2]-P(X <2)

1 OPT
<o(-L ). opr+a +0<>
<|Sl|k> ! |51

OPT OPT OPT
=0+ )=0(=—
(ISll’“ |51 ) < |51 )

5.4 Synopsis, Notes, and Future Work

Using mechanisms from the Sampling & Multiplying Mechanisms class, we have so far proven a
constant approximation ratio when a proportional optimal price vector is given as input for the Ad-
ditive Combinatorial Auctions and a constant approximation ratio when a proportional supporting
price vector of the Optimal Allocation is given as input for the XOS Combinatorial Auctions. We
have also proven that any mechanism in this class can not yield positive results when the input is
a proportional price vector that supports the allocation. If we select the input for our mechanism
to be an a-good price vector, we prove that the Welfare guarantees of this input are not maintained
around a small neighborhood of the input. We also study perturbated a-good price vectors, proving
that they too do not maintain the Welfare guarantees. We discuss and prove that a proportional
a-good price vector can not be safely applied to some Mechanism from the Sampling & Multiplying
Mechanisms class without knowledge of parameter a. Moving our attention away from Sampling
& Multiplying Mechanisms class, we design a mechanism that has an O(alogm) approximation
ratio when the input is a proportional a-good price vector.

Within this work have prospered different ideas and roads towards applying the learning aug-
mented framework on Combinatorial Auctions. We will now present some of these ideas, highlight-
ing our intuition and answers.

We have already discussed that a price vector with Fixed-Price Auction revenue guarantees of
the form Rev {c - p} > % together with knowledge of a suffices to prove an O(a)-approximation
ratio. One idea is to relax this guarantee to be in expectation, meaning a price vector p such that
for any Fixed-Price Auction posting prices in p it holds that E [Rev {c - p}] > %. We can prove
that the guarantee in expectation is equivalent to the deterministic guarantee. We can construct
this proof by observing that E [Rev {c - p}| > % implies that 3 an ordering of the bidders such
that Rev {c-p} > % and as such we can still apply lemma and get an O(a)-approximation
ratio.

Another idea is to observe prices that are a-good and marketing clearing, with market clearing
meaning that 3 an ordering of the bidders for which the Fixed-Price Auction using these prices
guarantees both Wel fare > % and also that all the items are sold. Similarly, we can get input
of a-good prices together with the probability of the items being sold in the Fixed-Price Auction.
Both these ideas do not seem to help us overcome the issues of a-good prices we discussed already,

however they entertain different types of information that can be of use.

In future work, we can observe how well proportionality matches the price vector that corre-
sponds to the prices stated in lemma (in the Subadditive setting). Our intuition is that the
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behavior of these prices will be similar to that of supporting prices in the XOS setting, but again
knowledge of parameter a might be needed.

We have discussed the importance of parameter a over different inputs and settings. This param-
eter in some sense can be seen as the error of a prediction vector. With this viewpoint, we seem to
have concluded the fact that it is difficult to move Combinatorial Auctions with predictions forward,
without knowledge of the error (or maybe an upper bound of the error). On the existing settings,
one can easily prove that the mechanism proposed in [6], with input predictions of the prices re-
lating to lemma and some bound of the error of the predictions, can be adjusted to get an
approximation ratio of O(log log m - (log log 77)?) on the Subadditive problem and an approximation
ratio of O(loglogn)?) on the Submodular problem.

Finally, the setting proposed in [50] for the Single Item Revenue Maximization problem with
predictions is interesting. Specifically, the technique of designing a mechanism that works great as
long as the error is smaller than a hyperparameter seems to be connected to the problem we are
tackling in this thesis. One approach to incorporate this in our framework is to run some iterative
mechanism that on each iteration with small probability performs some allocation rule that works
for bounded error, or otherwise refines the current estimation for the error and proceeds to the next
iteration.

We conclude this thesis with our belief that the techniques for a successful application of the
learning augmented framework on the problem of Combinatorial Auctions already exist, and future
research will reach fruitful results!
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